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MONOTONE CHAINS OF FOURIER COEFFICIENTS OF HECKE
CUSP FORMS
OLEKSIY KLURMAN AND ALEXANDER P. MANGEREL
Abstract. We prove general equidistribution statements (both conditional and un-
conditional) relating to the Fourier coefficients of arithmetically normalized holomor-
phic Hecke cusp forms f1, . . . , fk without complex multiplication, of equal weight,
(possibly different) squarefree level and trivial nebentypus.
As a first application, we show that for the Ramanujan τ function and any admissible
k-tuple of distinct non-negative integers a1, . . . , ak the set
{n ∈ N : |τ(n + a1)| < · · · < |τ(n + ak)|}
has positive natural density. This result improves upon recent work of Bilu, Deshouillers,
Gun and Luca [Compos. Math. (2018), no. 11, 2441-2461]. Secondly, we make progress
towards understanding the signed version by showing that
{n ∈ N : τ(n+ a1) < τ(n+ a2) < τ(n+ a3)}
has positive relative upper density at least 1/6 for any admissible triple of distinct non-
negative integers (a1, a2, a3). More generally, for such chains of inequalities of length
k > 3 we show that under the assumption of Elliott’s conjecture on correlations of
multiplicative functions, the relative natural density of this set is 1/k!. Previously
results of such type were known for k ≤ 2 as consequences of works by Serre and by
Matoma¨ki and Radziwi l l.
Our results rely crucially on several key ingredients: i) a multivariate Erdo˝s-Kac
type theorem for the function n 7→ log |τ(n)|, conditioned on n belonging to the set
of non-vanishing of τ , generalizing work of Luca, Radziwi l l and Shparlinski; ii) the
recent breakthrough of Newton and Thorne on the functoriality of symmetric power
L-functions for GL(n) for all n ≥ 2 and its application to quantitative forms of the
Sato-Tate conjecture; and iii) the work of Tao and Tera¨va¨inen on the logarithmic
Elliott conjecture.
1. Introduction
Let f : N → R be a multiplicative function. It is a well-known result of Erdo˝s
[4] that unless f(n) = nα for some real α 6= 0 and all n ∈ N (or f(n) = 0 for all
n ≥ 2) then {f(n)}n is not monotone. Avoiding these monotone cases, it is generally
a very difficult problem to determine how often f is increasing or decreasing along a
tuple of consecutive integers. In this direction, we recall a conjecture of of Sarkozy [25,
Conjectures 53 and 54].
Conjecture 1.1 (Sarko˝zy). If f : N → N is a multiplicative function such that for
any k ≥ 0 there are at least two distinct primes p for which f(p) 6= pk, then both of the
inequalities
f(n) > max{f(n− 1), f(n+ 1)}
and
f(n) < max{f(n− 1), f(n+ 1)}
1
2 OLEKSIY KLURMAN AND ALEXANDER P. MANGEREL
hold for infinitely many n ≥ 2.
Conjecture 1.1 is a manifestation of a more general phenomenon, namely that given
a typical multiplicative function f : N→ R and any admissible set of distinct integers
a1, a2 . . . , ak the set
(1) {n ∈ N, f(n+ ai) 6= 0, 1 ≤ i ≤ k : f(n+ a1) ≤ f(n+ a2) ≤ · · · ≤ f(n+ ak)}
should be infinite and moreover have positive density. We highlight here a very impor-
tant special case of (1) that of f(n) = sign(g(n)) for a given multiplicative g : N→ R.
In this case, our problem reduces to another widely studied question, that of counting
tuples of values of f with prescribed sign patterns. For generic, unbounded multiplica-
tive functions f , the event f(n+ai) = f(n+aj) is rare, and so for the purposes of this
paper we will count sets like in (1), where the inequalities are to be replaced by strict
ones.
One of the objectives of the present paper is to study (1) for multiplicative functions
determined by the Fourier coefficients of non-CM primitive Hecke cusp forms. To this
end, we let f(z) :=
∑
n≥1 bf (n)e(nz) be a primitive non-CM Hecke eigencusp form
1
weight m, square-free level N and trivial nebentypus, normalized so that bf (1) = 1,
and let λf(n) := bf (n)n
−(m−1)/2. It is well-known that {bf (n)}n is a sequence of totally
real algebraic numbers, and so n 7→ bf (n) is a real-valued multiplicative function. To
exemplify some of our main results, we recall that if f = ∆, the unique cusp form of
weight m = 12 for the full modular group (i.e., N = 1), then bf (n) := τ(n), is the
well-known Ramanujan τ function, which is integer-valued. Our guiding conjecture in
this direction is the following folklore statement.
Conjecture 1.2. Let k ≥ 1 and let a1, . . . , ak be distinct non-negative integers for
which τ(aj) 6= 0. Then the set
(2) {n ∈ N, τ(n+ ai) 6= 0, 1 ≤ i ≤ k : τ(n + a1) < τ(n + a2) < · · · < τ(n + ak)}
is infinite.
A famous conjecture of Lehmer states that τ(n) 6= 0 for all n ≥ 2. Under this
assumption, it is natural to upgrade the statement of (1.2) and conjecture that the
natural density (the definition of which is recalled below) of the corresponding set
exists and is in fact equal to 1
k!
. This would reflect the order statistics that one might
expect from a random sequence of real numbers, and a number of papers have borne
witness to the pseudorandom behaviour of the sequence {τ(n)}n and of the sequences
of Fourier coefficients of other Hecke cusp forms, as we discuss in Section 1.0.2 below.
1.0.1. Unsigned orderings of primitive cusp forms. One of the main obstacles
in effectively studying (2) is the oscillating sign of τ. To avoid this difficulty, one can
therefore consider the corresponding question for |τ(n)|. As an application of the main
theorem in the recent beautiful paper [1] (see Theorem 1.1 there), the authors show
that if a1, . . . , ak are distinct non-negative integers such that τ(aj) 6= 0 then
{n ∈ N : 0 < |τ(n+ a1)| < |τ(n+ a2)| < · · · < |τ(n + ak)|}
1Throughout this paper, whenever we refer to a primitive cusp form, we mean a primitive Hecke
eigenform that is normalized so that its first Fourier coefficient is 1.
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contains infinitely many integers, and moreover the count of such n ≤ x is≫k x/(log x)k.
Our first theorem provides an improvement of this result. Recall that the natural den-
sity of a set S ⊆ N, is defined by
d(S) := lim
Y→∞
Y −1|{n ≤ Y : n ∈ S}|,
whenever this limit exists.
Corollary 1.3. Let k ≥ 1 and let a1, . . . , ak be distinct non-negative integers for which
τ(aj) 6= 0. Then the set
{n ∈ N : 0 < |τ(n+ a1)| < |τ(n+ a2)| < · · · < |τ(n + ak)|}
has positive density. Moreover, if Lehmer’s conjecture is true (i.e., τ(n) 6= 0 for all
n ∈ N) then the density is 1/k!.
Remark 1.4. We remark that in [1], a suitable set of n ≤ x is constructed such that
ω(
∏
i≤k(n+ai))≪k 1, and consequently their number is necessarily sparse, specifically
≪k x/(log x)k−o(1). In our case, the integers n ≤ x in the conclusion of Corollary 1.3
satisfy ω(n + ai) ∼ log log x for all 1 ≤ i ≤ k, which naturally provides a density
increase.
The above result follows from a more general statement, applying to the Fourier
coefficients of a collection of possibly different primitive non-CM cusp forms having the
same weight, possibly different squarefree levels and all of trivial nebentypus. To state
it more precisely, we require the following definition.
Definition 1.5. Let f1, . . . , fk be primitive non-CM cusp forms with respective se-
quences of Fourier coefficients {bj(n)}n. A k-tuple a = (a1, . . . , ak) is said to be f -
admissible if, for every prime p such that p|∏1≤i<j≤k(aj − ai) and b1(p) · · · bk(p) = 0,
the set
{c (mod p) :
∏
1≤j≤k
(c+ aj) 6≡ 0 (mod p)}
is non-empty.
Remark 1.6. It is known that τ(n) 6= 0 for all n ≤ 1022 and therefore all the finite
subsets of [1, 1022] are τ -admissible.
Theorem 1.7. Let k ≥ 1. Let f1, . . . , fk be arithmetically normalized primitive Hecke
cusp forms of the same weight, and each of squarefree level and trivial nebentypus, and
let a1, . . . , ak be distinct non-negative integers such that a is an f -admissible k-tuple.
Write fj(z) =
∑
n≥1 bj(n)e(nz), and assume that for each 1 ≤ j ≤ k the following
assumption holds:
(A) if bj(p) 6= 0 then bj(pν) 6= 0 for all primes p and integers ν ≥ 1, and moreover
|bj(pν)| ≥ p−Cν for some constant C = C(fj) > 0.
Then
{n ∈ N : 0 < |b1(n+ a1)| < · · · < |bk(n+ ak)|}
has positive density. In fact, if we set
N := {n ∈ N :
∏
1≤j≤k
bj(n) 6= 0},
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we then have
lim
x→∞
|{n ≤ x : n+ a1, . . . , n + ak ∈ N , 0 < |b1(n+ a1)| < · · · < |bk(n+ ak)|}|
|{n ≤ x : n + a1, . . . , n+ ak ∈ N}| =
1
k!
.
This improves upon the main Theorem 1.2 in [1], where, as mentioned above, it
is shown that for a number ≫k x/ logk x of positive integers n ≤ x the inequalities
|bj(n+ aj)| < |bj+1(n + aj+1)| hold for all 1 ≤ j ≤ k − 1.
Remark 1.8. It can be shown that N is a positive density set, and in fact so is
{n ∈ N : n+ aj ∈ N for all 1 ≤ j ≤ k}
whenever a is f -admissible (see Proposition 3.1 below). Thus, the limit in the statement
is well-defined. This can be seen as a generalization of a result of Serre [26] who proved
the corresponding statement for k = 1.
Remark 1.9. It is known that any non-CM cusp form f satisfies the property bj(p) 6=
0 ⇒ bf(pν) 6= 0 for all ν for all but finitely many p. As noted on p. 175 of [14], the
lower bound bf(p
ν) ≥ p−Cν for some C > 0 holds for all holomorphic Hecke cusp forms,
which includes f = ∆. This is why no assumptions are required for the Ramanujan τ
function.
1.0.2. Signed orderings of cusp forms. Roughly speaking, our treatment of the
monotone patterns (1) amounts to understanding both the joint distribution of the
magnitude vector (|τ(n + a1)|, |τ(n + a2)|, . . . , |τ(n + ak)|) together with information
about the patterns of the vector (sign(τ(n+ a1)), sign(τ(n+ a2)), . . . , sign(τ(n+ ak))),
which captures the oscillations of signs.
In [11], Kowalski, Lau, Soundararajan and Wu investigated the problem of bounding
the first sign change of λf for holomorphic f , and showed that the sequence of signs
{sign(λf (p))}p determines the underlying form f . The frequency of sign changes and
related questions have been extensively studied in recent years (see e.g., [15], [11] and
[5]) culminating in the work of Matoma¨ki and Radziwi l l [16]. They showed that the
sequence {λf(n)}n has a positive proportion of sign changes for both holomorphic cusp
forms and Hecke-Maass forms for the full modular group. In the former case this result
later became a direct consequence of their landmark work [17].
In our modest attempt towards resolving Conjecture 1.2, we state both conditional
and unconditional results, each of the flavour that sets like that in (1) have either
positive natural or upper density. We recall that the upper (natural) density of a set
S ⊂ N is defined as
d(S) := lim sup
Y→∞
Y −1|{n ≤ Y : n ∈ S}|.
Our unconditional result is as follows.
Theorem 1.10. Let k ∈ {2, 3} and let a1, . . . , ak be distinct non-negative integers. Let
f1, . . . , fk be arithmetically normalized primitive non-CM Hecke cusp forms of equal
weight, squarefree level and trivial nebentypus, satisfying the conditions in Theorem
1.7, with respective sets of Fourier coefficients {bj(n)}n for j = 1, . . . , k. Suppose also
that a is f-admissible.
a) If k = 2 then
d ({n ∈ N : b1(n+ a1) < b2(n+ a2)}) > 0,
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and in fact
lim sup
x→∞
|{n ≤ x : n + a1, n + a2 ∈ N , b1(n+ a1) < b2(n+ a2)}|
|{n ≤ x : n+ a1, n+ a2 ∈ N}| ≥
1
2
.
b) If k = 3 and at least two of f1, f2, f3 are the same then
d ({n ∈ N : b1(n+ a1) < b2(n+ a2) < b3(n+ a3)}) > 0,
and in fact
lim sup
x→∞
|{n ≤ x : n+ a1, n+ a2, n+ a3 ∈ N , b1(n + a1) < b2(n + a2) < b3(n + a3)}|
|{n ≤ x : n+ a1, n+ a2, n + a3 ∈ N}| ≥
1
6
.
An immediate corollary of this result is as follows.
Corollary 1.11. For any permutation σ ∈ S3 the sets
{n ∈ N : τ(n+ σ(1)) < τ(n + σ(2)) < τ(n + σ(3))}
each have positive upper density. Assuming Lehmer’s conjecture, this upper density is
at least 1/6.
Remark 1.12. To the best of our knowledge this is the first non-trivial result towards
Conjecture 1.2 for k > 2, where previously even the existence of infinitely many n was
not known. For the case k = 2, one could deduce that b1(n + a1) < b2(n + a2) occurs
with positive upper density simply by prescribing the signs sign(b1(n+ a1)) = −1 and
sign(b2(n+a2)) = 1 using the work [28] or by modifying somewhat an earlier approach
from [16]. This however would not allow us to get the right constant 1/2 from the
statement in a).
The constraint k ≤ 3 in Theorem 1.10 results from our current limited understand-
ing of correlations of bounded multiplicative functions. Assuming a conjecture of Elliott
(generalizing a famous old conjecture of Chowla on correlations of the Mo¨bius func-
tion), we may remove this constraint and also upgrade the conclusions from positive
upper density results to positive natural density results.
Elliott’s conjecture (as repaired in Section 1 of [18]) can be phrased as follows. We
denote below U := {z ∈ C : |z| ≤ 1}.
Conjecture 1.13 ([18], p. 5). Let g1, . . . , gk : N→ U be multiplicative functions and let
a1, . . . , ak be distinct non-negative integers. Assume that there is an index 1 ≤ j0 ≤ k
such that for any fixed Dirichlet character χ we have
(3) lim
X→∞
inf
|t|≤X
∑
p≤X
1− Re(gj0(p)χ(p)p−it)
p
=∞.
Then as X →∞, ∑
n≤X
g1(n+ a1) · · · gk(n + ak) = o(X).
We have the following result.
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Theorem 1.14. Assume Conjecture 1.13. Let k ≥ 2, let f1, . . . , fk be arithmetically
normalized primitive non-CM Hecke cusp forms and let a = (a1, . . . , ak) be a f -
admissible tuple of distinct non-negative integers. Assume that the the hypotheses of
Theorem 1.7 are fulfilled. Then
d ({n ∈ N : b1(n+ a1) < · · · < bk(n + ak)}) > 0.
In fact, as x→∞ we have
lim
x→∞
|{n ≤ x : n+ a1, . . . , n+ ak ∈ N , b1(n+ a1) < · · · < bk(n + ak)}|
|{n ≤ x : n + a1, . . . , n+ ak ∈ N}| =
1
k!
.
1.1. Main technical propositions.
1.1.1. Unsigned Orderings. Theorem 1.7 will follow from the following Erdo˝s-Kac type
theorem. Below, we set c := 1
2
(1 + π2/6).
Proposition 1.15. Let k ≥ 1. Let f1, . . . , fk be primitive holomorphic non-CM cusp
forms of weight m, squarefree level and trivial nebentypus, with respective sequences
of Fourier coefficients {bj(n)}n, and assume that each of these satisfies assumption
(A) from Theorem 1.7. Let a1, . . . , ak be distinct non-negative integers such that a is
f -admissible. Let I1, . . . , Ik be closed non-empty intervals. Set B(I) :=
∏
1≤j≤k Ij, and
put λj(n) := bj(n)n
−(m−1)/2 for all n ∈ N and 1 ≤ j ≤ k. We write
Nj := {n ∈ N : λj(n) 6= 0},
and set N := ⋂1≤j≤kNj. Finally, for each 1 ≤ j ≤ k and n ∈ N define
Xj(n) :=
log |λj(n)|+ 12 log logn√
c log logn
.
Then, as x→∞,
1
X
|{n ≤ x : n+ aj ∈ N , Xj(n + aj) ∈ Ij for all 1 ≤ j ≤ k}|
= (2π)−k/2
∫
B(I)
e−
1
2
(x21+···+x2k)dx1 · · · dxk + o(1),
where we have set
X = X(x) :=
∑
n≤x
∏
1≤j≤k
1N (n+ aj).
Remark 1.16. When k = 1 this proposition is due to Luca, Radziwi l l and Shpar-
linski [14, Theorem 3] (see also [3] for a related result). More precisely, these authors
proved this result assuming a certain quantitative form of the Sato-Tate conjecture
that was subsequently derived by Thorner [29], based on the recent deep breakthrough
of Newton-Thorne [23] on the functoriality of symmetric power L-functions for GL(n)
for all n ≥ 2. Our result generalizes this to all fixed k ≥ 2.
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1.1.2. Signed Orderings. Let ǫ ∈ {−1,+1}k and I1, . . . , Ik ⊂ R be non-empty intervals.
Keeping the notation from the previous subsection, write σj(n) := sign(λj(n)) whenever
λj(n) 6= 0. Let us define the set
Sa(ǫ, I) := {n ∈ N : n+aj ∈ N , σj(n+aj) = ǫj and Xj(n+aj) ∈ Ij for all 1 ≤ j ≤ k},
and the counting function
Na(x; ǫ, I) := |Sa(ǫ, I) ∩ [1, x]|.
We shall prove the following.
Proposition 1.17. Let ǫ ∈ {−1,+1}k and let I1, . . . , Ik ⊂ R be non-empty intervals.
Write B(I) :=∏1≤j≤k Ij as above.
a) Assume Conjecture 1.13. Then, provided x is large enough in terms of k,a and I,
X−1Na(x; ǫ, I) = 2−k · (2π)−k/2
∫
B(I)
e−
1
2
(x21+···+xk)2dx+ ok,I,a(1).
b) Assume that k ∈ {2, 3} and that the hypotheses of Theorem 1.10 hold (depending on
k). Then
∑
n≤x
1Sa(ǫ,I)(n)
n
=
(
2−k · (2π)−k/2
∫
B(I)
e−
1
2
(x21+···+xk)2dx+ ok,I,a(1)
)(∑
n≤x
1
n
∏
1≤j≤k
1N (n + aj)
)
.
Remark 1.18. By the Sato-Tate theorem, the probability that σj(p) = +1 or −1, for
p prime, is asymptotically 1/2 in either case. Consequently, it is not hard to prove2
that the same is true of σj(n), for integers n more generally. Note that, assuming that
the events σj(n + aj) = εj and Xj(n + aj) ∈ Ij are independent for each j = 1, . . . , k,
and moreover independent of the pairs (σj′(n+aj), Xj′(n+aj′)) for all j
′ 6= j, then one
would guess that the probability that n ≤ x satisfying n + aj ∈ Nj for all 1 ≤ j ≤ k
be counted by Na(x; ǫ, I) is
2−k(2π)−k/2
∫
B(I)
e−
1
2
(x21+···+x2k)dx.
Thus, Proposition 1.17 a) (and b), in the case of logarithmic density) confirms this
guess.
Remark 1.19. The statistical behaviour of Fourier coefficients of Hecke cusp forms
has been investigated extensively in various other aspects as well. For instance, in [20] a
variance estimate (in the spirit of the Hardy-Ramanujan theorem) was obtained for the
number of distinct prime factors of non-zero prime and integer values of the Ramanujan
tau function (the same authors extended these results further in [19]). Central limit
theorems have also been deduced for partial sums of Fourier coefficients of cusp forms,
see e.g., the work of Nagoshi [22], and the recent work of Murty and Prabhu [21].
2This can be shown, e.g., when ǫ = +1 by writing 1σj(n)=ǫ = (1+ σj(n))/2. The sum of σj(n) over
n ≤ x is o(x) by combining Sato-Tate with a result of Hall and Tenenbaum [7], for instance.
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1.2. Organization of the paper and proof strategy. We shall now briefly describe
the basic strategy underlying the proofs of our main results, focusing for simplicity on
the case bf (n) = τ(n). The starting point in our investigation is the simple observation
that if τ(n) 6= 0 then τ(n) = |τ(n)|sign(τ(n)), where both n 7→ |τ(n)| and n 7→
sign(τ(n)) are multiplicative functions.
In order to prove Proposition 1.17, after using standard Fourier analysis to approximate
the indicator functions 1τ(n+aj)∈Ij , for 1 ≤ j ≤ k, roughly speaking we decouple the
problem into understanding both the distribution of the vector
(log |τ(n + a1)|, log |τ(n + a2)|, . . . , log |τ(n+ ak)|)
as well as of the vector of signs sign(τ(n + ai)) = ǫi where ǫi ∈ {±1} for i = 1, . . . , k.
To control the size of the components of the vector
(log |τ(n+ a1)|, log |τ(n+ a2)|, . . . , log |τ(n + ak)|),
we prove Proposition 1.15, showing that its distribution is jointly Gaussian (with triv-
ial covariance matrix). In order to do so, we first approximate the additive function
log |τ(n)| by the truncated version log |τ˜y(n)|, which is supported on integers n free
of large prime factors p > y and of those primes for which τ(p) is unusually small
(see Lemma 4.1 for a more technical statement). This is accomplished by sieving out
primes using the quantitative version of the Sato-Tate conjecture recently established
by Thorner [29], based on the breakthrough of Newton and Thorne [23].
In Section 2, we establish some consequences of the work [29] that will be used fre-
quently in the remainder of the paper. In Section 3, we use these results to estab-
lish sieve estimates to be used in the proof of Proposition 1.15. In Section 4, we
obtain an asymptotic formula for the moments of (an approximation of) the tuple
(X1(n + a1), . . . , Xk(n + ak)), and deduce Proposition 1.15 using the method of mo-
ments in the manner of Granville and Soundararajan [6].
To study the frequency of the sign patterns
sign(τ(n + a1)) = ǫ1, sign(τ(n+ a2)) = ǫ2, . . . , sign(τ(n + ak)) = ǫk,
we use the recent, spectacular advances in the study of correlations of bounded multi-
plicative functions. It is here where, due to the limitations in our current understanding,
we have to confine ourselves to sign patterns of length k ≤ 3 to get unconditional re-
sults. Specifically, to count the occurrences (with logarithmic weight) of the sign pattern
(ǫ1, ǫ2, ǫ3) we expand∑
n≤x
∏
i≤3(1 + ǫisign(τ(n + ai))
n
= (1 + o(1)) log x+
∑
n≤x
∏
i 6=j≤3 ǫiǫjsign(τ(n + ai))sign(τ(n+ aj))
n
+
∑
n≤x
ǫ1ǫ2ǫ3sign(τ(n + a1))sign(τ(n + a2))sign(τ(n + a3))
n
and estimate3 the two- and three-point correlations of sign(τ(n)) by using results of
Tao [27] and Tao-Tera¨va¨inen [28], respectively. To this end we show that the function
3The logarithmic mean value terms are provably o(log x) by combining the Sato-Tate theorem with
Hala´sz’ theorem; see the proof of Proposition 5.1 below.
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sign(τ(n)) does not “ weakly pretend” to be nitχ(n) for any Dirichlet character χ, or
more precisely
min
|t|≤x
∑
p≤x
1−ℜ(p−itχ(p)sign(τ(p)))
p
≫ log log x.
We do so by again appealing to the work of Newton and Thorne [23] and slightly mod-
ifying the results in [29] to handle the distribution of τ(p) in arithmetic progression
p ≡ a (mod D) for relatively small moduli D (see Proposition 5.3).
Our main applications, i.e., Theorem 1.10 and Theorem 1.14, can straightforwardly be
deduced from the above ideas, aside from obtaining the sharp density estimate 1/k! in
each case. In Section 6, this is accomplished by a careful and somewhat involved argu-
ment of covering intervals with large Gaussian measure which might be of independent
interest.
Remark 1.20. It is possible to make further progress towards variants of Conjec-
ture 1.2 for a more general class of multiplicative functions using methods developed
here. More precisely, one can handle multiplicative functions f : N → R, which can
be represented as f(n) = g(n)eh(n) where g is an oscillating multiplicative function
that satisfies some form of Conjecture 1.13 and h is an additive function with Gauss-
ian value distribution. In a similar fashion, one can prove related results restricting
the shifts n + a1, . . . , n + ak to satisfy sieve theoretic conditions analogous to those
considered in the work of Granville and Soundararajan [6]. In particular, as our proof
shows, one can find a positive proportion of n ≤ x, for which P+(n + aj)≪ xε for all
1 ≤ j ≤ k, that satisfy the conclusions of our main theorems.
We shall explore these lines of thought in a forthcoming work.
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2. Multiplicative functions supported on thin sets
Recall that in our setting, f(z) :=
∑
n≥1 bf (n)e(nz) is a primitive non-CM cusp form
of weightm, square-free level N and trivial nebentypus, and let λf (n) := bf (n)n
−(m−1)/2.
We define Nf := {n ∈ N : λf (n) 6= 0}, and set Nf(x) := Nf ∩ [1, x] for x ≥ 2.
Since λf(p) ∈ [−2, 2] by deep work of Deligne [2], we may define θf (p) := cos−1(λf(p)/2) ∈
[0, π]. Given a closed interval I ⊆ [0, π], we define
πf (x; I) := |{p ≤ x : θf (p) ∈ I}|,
and the Sato-Tate measure
µST (I) :=
2
π
∫
I
sin2 θdθ.
In the sequel, we will frequently have to deal with multiplicative functions supported
on primes p for which |λf(p)| < (log log x)−1. The goal of this section is to develop
estimates for partial sums of such functions.
The following result of Thorner, proved using the recent, deep breakthrough of Newton
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and Thorne [23] on functoriality for the symmetric power L-functions for GL(n) and
all n ≥ 2, will be used crucially.
Theorem 2.1 ([29], Theorem 1.1). Let I ⊆ [0, π] be a closed interval. Then
πf (x; I) =
(
µST (I) +O
(
log(kN log x)
(log x)1/2
))
π(x).
We next present a sharpening of a result from [14], which shows that the set of
primes with λf(p) = 0 is quite thin.
Lemma 2.2. Let y ≥ 2. Then
∑
p>y
λf (p)=0
1
p
≪f (log log y)
2
√
log y
.
Also, for any A ≥ 1 and x ≥ y large enough we have∑
y<p≤x
|λf (p)|<(log log x)
−A
1
p
≪f (log log x)1−A.
Proof. We begin with the first statement. We may assume that y is larger than any
fixed constant depending at most on f (by selecting a suitably large implicit constant).
Let ψ : R→ [0,∞) be a non-increasing function, satisfying ψ(y)→ 0 as y →∞, to be
chosen later. We clearly have ∑
p>y
λf (p)=0
1
p
≤
∑
p>y
|λf (p)|≤ψ(p)
1
p
.
We apply Theorem 2.1 and partial summation. Write
Ef (X ; I) := πf(X ; I)− µST (I)π(X),
for any closed interval I ⊆ [0, π]. Set k0 := ⌊log log y⌋, and xk := eek for all k ≥ k0. For
each k ≥ k0 put Jk := cos−1([−ψ(xk), ψ(xk)]) ⊆ [0, π], noting that |Jk| ≍ ψ(xk) and
[−ψ(p), ψ(p)] ⊆ Jk whenever xk < p ≤ xk+1. Then by partial summation,∑
p>y
|λ(p)|≤ψ(p)
1
p
≤
∑
k≥k0
(
µST (Jk)
∫ xk+1
xk
du
u log u
+
∫ xk+1
xk
u−2Ef (u; Jk)du+O
(
e−k
))
=
∑
k≥k0
µST (Jk) +O
(
log log y√
log y
)
.
For fixed ε > 0 we select ψ(y) := (log log y)2(log y)−1/2, so that µST (Jk) ≍ |Jk| ≍
k2e−k/2. We thus find that∑
p>y
|λf (p)|≤ψ(p)
1
p
≪ k20e−k0/2 ≪
(log log y)2√
log y
,
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as claimed.
The second claim follows similarly from Theorem 2.1 by partial summation, given that∑
p≤x
|λf (p)|<(log log x)
−A
1
p
∼ µST ([−(log log x)−A, (log log x)−A]) log log x≪ (log log x)1−A,
whenever A ≥ 1. 
The next two lemmas are the main technical results of this section.
Lemma 2.3. Let S be a set of primes such that
∑
p∈S 1/p < ∞. Let g : N → R be a
multiplicative function such that g(p) = 0 unless p ∈ S, and there is k ≥ 1 for which
|g(n)| ≤ dk(n) for all n. The following holds:
• we have ∑n≥1 |g(n)|n <∞;
• for any 10 ≤ y ≤ z ≤ x, put u := log z
log y
. Then∑
z<n≤x
|g(n)|
n
≪k exp
(
− log z
log y
)
+
∑
y<p≤x
p∈S
1
p
+ y−1.
Proof. The first statement easily follows from the uniform bound
∑
n≤X
|g(n)|
n
≤
∑
P+(n)≤X
|g(n)|
n
≪k exp

k∑
p≤X
p∈S
1
p

≪k 1.
To prove the second claim, we split the sum as∑
z<n≤x
|g(n)|
n
≤
∑
n>z
P+(n)≤y
|g(n)|
n
+
∑
z<n≤x
P+(n)>y
|g(n)|
n
.
Applying Rankin’s trick with σ := 1/ log y < 1/2 yields
∑
n>z
P+(n)≤y
|g(n)|
n
≤ z−σ
∑
P+(n)≤y
|g(n)|
n1−σ
≪k z−σ exp

k∑
p≤y
p∈S
pσ
p

≪k e−u exp (kyσ)≪k e−u.
For the second term, we note that∑
z<n≤x
P+(n)>y
|g(n)|
n
≤
∑
y<p≤x
ν≥1
|g(pν)|
pν
∑
d≥1
|g(d)|
d
.
The inner sum is bounded by i), while the outer sum is, by partial summation and the
bound dk(p
ν)≪k νk,
≪k
∑
y<p≤x
p∈S
1
p
+
∑
p>y
ν≥2
dk(p
ν)
pν
≪k
∑
y<p≤x
p∈S
1
p
+
1
(log y)k
∑
p>y
ν≥2
(log(pν))k
pν
≪
∑
y<p≤x
p∈S
1
p
+ y−1,
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and the claim follows. 
Let 1 ≤ j ≤ k. Upper bounds for the partial sums ∑n≤x |gj(n)|, where gj is sup-
ported on primes p for which |λj(p)| < (log log x)−A as x→∞, will play an important
role in our arguments later on. We note that by Shiu’s theorem and Lemma 2.2, we
have the cheap bound
(4)
∑
n≤x
|gj(n)| ≪ x
log x
exp

 ∑
p≤x
|λj(p)|<(log log x)
−A
1
p

≪ xlog x,
for each 1 ≤ j ≤ k. The next lemma provides an improvement to this bound.
Lemma 2.4. Let x be large and let A ≥ 1. Let {λf(n)}n be the set of normalized
Fourier coefficients of a primitive non-CM holomorphic cusp form. Let h : N → [0, 1]
be a multiplicative function such that
h(n) = 0 unless |λf(p)| < (log log x)−A whenever p|n.
Then ∑
n≤x
h(n)≪f,A x
(log x)(log log x)A
.
Proof. We write Λh to denote the coefficients of the Dirichlet series −L′(s, h)/L(s, h),
where
L(s, h) :=
∑
n≥1
h(n)n−s for Re(s) > 1.
We note that Λh(p) = h(p) log p for all primes p, and that |Λh(n)| ≤ Λ(n) for all n.
Applying the hyperbola method, we obtain∑
n≤x
h(n) log n =
∑
a≤√x
h(a)
∑
b≤x/a
Λh(b) +
∑
b≤√x
Λh(b)
∑
√
x<a≤x/b
h(b) =: T1 + T2.(5)
To proceed, we note that by partial summation and Theorem 2.1, we have, for
√
x ≤
y ≤ x,
∑
m≤y
Λh(m)
m
=
∑
p≤y
h(p) log p
p
+Of(1) ≤
∑
p≤y
|λf (p)|<(log log x)
−A
log p
p
+Of(1)≪A,f log y
(log log x)A
,
as well as∑
m≤y
Λh(m) =
∑
p≤y
|λf (p)|<(log log x)
−A
h(p) log p+Of(
√
y log y)≪A,f y
(log log x)A
.
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Applying these estimates, (4) and Lemma 2.2 to (5), we obtain∑
n≤x
h(n) log n≪ x
∑
a≤√x
h(a)
a(log log x)A
+ x
∑
b≤√x
Λh(b)
b log x
≪ x
(log log x)A
exp
(∑
p≤x
h(p)
p
)
+
x
log x
· log x
(log log x)A
≪A x
(log log x)A
.
It follows that∑
n≤x
h(n) ≤
∑
n≤√x
h(n) logn+
2
log x
∑
√
x<n≤x
h(n) log n≪A,f x
(log x)(log log x)A
,
as claimed. 
3. Sieve Estimates for Support Sets of Coefficients of Cusp Forms
We recall our assumption (A) from the statement of Theorem 1.7, from which we
know that the following auxiliary assumption also holds:
(A’): p ∈ Nj ⇒ pk ∈ Nj for all 1 ≤ j ≤ k.
This condition also clearly holds with N = ⋂1≤j≤kNj in place of the Nj. In addition,
assumption (A) requires that |λj(pk)| ≥ p−kC, for some C = C(fj) > 0, a condition
that will be used in the next section.
Given a non-increasing function ξ : N→ R with ξ > 0 and x large we also define
N (ξ)(x) :=
⋂
1≤j≤k
{n ≤ x : n ∈ Nj , p|n⇒ |λj(p)| ≥ ξ(x)}.
Note that N (ξ)(x) ⊆ N ∩ [1, x], and that N (ξ)(x) is a multiplicative set, i.e., if m,n ∈ N
are coprime then mn ∈ N (ξ)(x) if and only if m,n ∈ N (ξ)(x). In typical applications
below we will choose ξ(x) = (log log x)−A, for some A > 1.
Lastly, in what follows we set
∆a :=
∏
1≤i<j≤k
(aj − ai),
which is the discriminant of the system of linear forms {n 7→ n + aj}1≤j≤k.
The main goal of this section is to prove the following estimate, which will play a
crucial role in our moment computations in the next section.
Proposition 3.1. Let x be large. Assume that a = (a1, . . . , ak) is f-admissible. Then
there are multiplicative functions Fj : N → [0,∞) such that the following holds: given
d1, . . . , dk ∈ N coprime to ∆a with dj ∈ N (ξ)(2x) and D := d1 · · · dk ≤ x1/4, then∑
n≤x
dj |(n+aj)
∀ 1≤j≤k
∏
1≤j≤k
1N (ξ)(2x)(n+ aj) = X
F1(d1) · · ·Fk(dk)
d1 · · · dk +O(rD(x)),
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where rm(x)≪ xm(log log x)A−1 for m ≥ 1, and
X = X(x) :=
∑
n≤x
∏
1≤j≤k
1N (n + aj)≫a,k x.
We need the following generalization of Lemma 8 of [14].
Lemma 3.2. Let I1, . . . , Ik be a sequence of intervals. Assume that ξ(x) ≥ (log x)−1/2+ε,
for any ε > 0. Then
|{n ≤ x : n + aj ∈ N , log |λj(n+ aj)| ∈ Ij ∀ 1 ≤ j ≤ k}|
= |{n ≤ x : n+ aj ∈ N (ξ)(2x), log |λj(n+ aj)| ∈ Ij ∀ 1 ≤ j ≤ k}|+Ok,f (x(log log x)ξ(x)) .
Proof. We denote by N(x) and Nξ(x) the cardinalities on the LHS and RHS, respec-
tively. As N (ξ)(2x) ⊆ N , we have Nξ(x) ≤ N(x). By the union bound,
0 ≤ N(x)−Nξ(x) ≤
∑
1≤j≤k
|{n ≤ x : n+ aj ∈ N\N (ξ)(2x)}|.
The latter cardinality counts integers n having at least one prime factor p such that
0 < |λj(p)| ≤ ξ(x), for some 1 ≤ j ≤ k. Partial summation as in Lemma 2.2 yields
|{n ≤ x : n+ aj ∈ N\N (ξ)(2x)}| ≤ 2x
∑
p≤2x
λj(p)∈[−ξ(x),ξ(x)]
1
p
≪f x(log log x)
(
ξ(x) +
log log x√
log x
)
≪ x(log log x)ξ(x).
This implies the claim. 
We fix A > 1 (taken to be larger later), and set ξ(y) := (log log y)−A.
Lemma 3.3. Let x be large, and let 10 ≤ z ≤ x. Define g˜ := µ∗1N (ξ)(2x). Let d1, . . . , dk
be integers coprime to ∆a, dj ∈ N (ξ)(2x) for all j, and such that D := d1 · · · dk ≤ x1/2.
Then the number of n ≤ x such that:
• dj|n+ aj for all 1 ≤ j ≤ k, and
• there is j0 ∈ {1, . . . , k} and e > z such that e|(n+ aj0) and g˜j0(e) 6= 0
satisfies the upper bound
≪ x
D
(
(log z)−1/2+o(1) + (log log x)1−A
)
.
Proof. We first observe that
(di, dj) = (ei, dj) = (ei, di) = 1 for all i 6= j,
whenever ei|(n+ ai) and g˜(ei) 6= 0. Indeed, the first equality arises from the fact that
(di, dj) divides (n + ai) − (n + aj) = ai − aj, which is a divisor of ∆a. The second
equality arises for the same reason. To verify the third equality note that if p|(ei, di)
then p ∈ N (ξ)i (2x), yet g˜(ei) =
∏
p′||ei(1 − 1N (ξ)(2x)(p′)) vanishes. The conclusion from
this is that whenever there is 1 ≤ i ≤ k and a divisor ei|n + ai with g˜(ei) 6= 0 then
(ei, [d1, . . . , dk]) = (ei, d1 · · · dk) = 1.
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By the Chinese remainder theorem there is a residue class b (mod D) such that the
cardinality we seek to estimate equals
|{n ≤ x : n ≡ b (mod D) and ∃ j ∈ {1, . . . , k},ej > z, (ej , D) = 1 such that
g˜(ej) 6= 0 and ej |(n+ aj)}|,
and by the union bound, this is
≤
∑
1≤j≤k
|{n ≤ x : n ≡ b (mod D) and ∃ e > z, (e,D) = 1 such that g˜(e) 6= 0 and e|(n+aj)}|.
Fix 1 ≤ j ≤ k. Note that if g˜(e) 6= 0 then |g˜(e)| = 1. The jth term on the RHS in this
last inequality is, again by the union bound,
≤
∑
z<e≤x/D
(e,D)=1
|g˜(e)|
∑
n≤x
e|(n+aj)
D|(n−b)
1 +
∑
x/D<e≤2x
(e,D)=1
|g˜(e)|
∑
n≤x
e|(n+aj)
D|(n−b)
1 =: T1,j + T2,j.
We first estimate the sum over T1,j . Using the Chinese remainder theorem, when e ≤
x/D is coprime to D the inner sum is≪ x/(eD). Now set y := exp((log z)/(log log z)).
Since |g˜(p)| is supported on p /∈ N (ξ)(2x), we may apply Lemma 2.3ii) and Lemma 2.2
to get
∑
1≤j≤k
T1,j ≪k x
D
∑
z<e≤x
|g˜(e)|
e
≪k x
D

exp
(
− log z
log y
)
+ y−1 +
∑
1≤j≤k

∑
p>y
p/∈Nj
1
p
+
∑
y<p≤x
|λj(p)|<ξ(2x)
1
p




≪ x
D
(
(log y)−1/2+o(1) + (log log x)1−A
)
≪ x
D
(
(log z)−1/2+o(1) + (log log x)1−A
)
,
which is sufficient. Next, consider the terms T2,j , which we can bound as
T2,j ≤
∑
x/D<e≤2x
(e,D)=1
|g˜(e)|
∑
m≤x/D
e|mD+b+aj
1 =
∑
x/D<e≤2x
(e,D)=1
|g˜(e)|
e
∑
0≤r≤e−1
e
(
r(b+ aj)
e
) ∑
m≤x/D
e
(
rmD
e
)
,
for each 1 ≤ j ≤ k. Separating the term r = 0 from the rest and then using a geometric
series bound, we obtain∑
1≤j≤k
T2,j ≪k x
D
∑
x/D<e≤2x
|g˜(e)|
e
+
∑
x/D<e≤2x
(e,D)=1
|g˜(e)|
e
∑
1≤r≤e−1
min{x/D, ‖rD/e‖−1}
≪ x
D
(log log x)1−A +
log x
D
∑
x/D<e≤2x
|g˜(e)|,
where we bounded the first term in the last line as we did for T1,j (but with x/D ≥ x1/2
in place of z). To treat the second term we apply Lemma 2.4, since |g˜| is supported
only on primes p with |λj(p)| < (log log x)−A for some 1 ≤ j ≤ k. This gives∑
1≤j≤k
T2,j ≪k x
D
(log log x)1−A.
The claim follows upon combining the bounds for T1,j and T2,j . 
16 OLEKSIY KLURMAN AND ALEXANDER P. MANGEREL
We are now ready to complete the proof of the main proposition of this section.
Proof of Proposition 3.1. Let 1 ≤ y ≤ x1/(4k). Lemma 3.3 implies that
Sd(x) :=
∑
n≤x
dj |(n+aj)∀j
1≤j≤k
∏
1≤j≤k
1N (ξ)(2x)(n+aj) =
∑∗
n≤x
dj |(n+aj)
1≤j≤k
∏
1≤j≤k
1N (ξ)(2x)(n+aj)+Ok
(
x
D(log log x)A−1
)
,
where the asterisk in the sum means that n has the additional constraint that if, for
any 1 ≤ j ≤ k, e|(n + aj) and g˜(e) 6= 0 then e ≤ y. Using the definition of g˜ we may
write
Sd(x) =
∑
e1,...,ek≤y
(eidi,ejdj)=1
∀i 6=j
g˜(e1) · · · g˜(ek)
∑∗
n≤x
ejdj |n+aj
1≤j≤k
1 +Ok
(
x
D(log log x)A−1
)
,
where, as in the previous lemma, we note that (ei, dj) = 1 for all 1 ≤ i, j ≤ k, and
moreover (ei, ej) = 1 for all i 6= j, for in all other cases the summands vanish. According
to assumption (A), g˜ is supported on squarefree integers, and |g˜(m)| ∈ {0, 1} for all
m ∈ N. By the Chinese remainder theorem, for each tuple (e1, . . . , ek) there is a residue c
(mod d1e1 · · · dkek) such that n ≡ c (mod d1e1 · · · dkek), noting that e1d1 · · · ekdk ≤ x1/2
by choice of y. We conclude, by a second application of Lemma 3.3 (with ejdj in place
of dj for all j) that
Sd(x) =
∑
e1,...,ek≤y
(eidi,ejdj)=1
∀i 6=j
g˜(e1) · · · g˜(ek) x
e1 · · · ekD
(
1 + Ok
(
1
(log log x)A−1
))
+Ok
(
x
D(log log x)A−1
)
=
x
D
∑
e1,...,ek≤y
(eidi,ejdj)=1∀i 6=j
g˜(e1) · · · g˜(ek)
e1 · · · ek +Ok

 x
D(log log x)A−1

1 + ∏
1≤j≤k
∑
ej≤y
|g˜(ej)|
ej



 .
We may bound the error term easily, via Lemma 2.2, giving
≪ x
D
(log log x)1−A exp
( ∑
1≤j≤k
∑
p≤y
|g˜(p)|
p
)
≪ x
D
(log log x)1−A.
We can express the main term as
x
D


∑
e1,...,ek≤y
(ei,ej)=1∀i 6=j
(ei,D)=1∀i
g˜(e1) · · · g˜(ek)
e1 · · · ek

 =
x
D

 ∑
e1,...,ek≤y
(ei,ej)=1∀i 6=j
g˜(e1) · · · g˜(ek)
e1 · · · ek

 .
the condition (ei, D) = 1 being redundant in view of D ∈ N ∩ [1, x] and g˜ vanishing
on that set. Thus,
Sd(x) =
x
d1 · · ·dk

 ∑
e1,...,ek≤y
(ei,ej )=1∀i6=j
g˜(e1) · · · g˜(ek)
e1 · · · ek +Ok
(
(log log x)1−A
)

 .
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Applying the same argument when dj = 1 for all 1 ≤ j ≤ k, followed by Lemma 3.2
(with Ij = R for all j), we find
x
∑
e1,...,ek≤y
(ei,ej)=1
∀i 6=j
g˜(e1) · · · g˜(ek)
e1 · · · ek = S(1,...,1)(x) +Ok(x(log log x)
1−A)
=
∑
n≤x
∏
1≤j≤k
1N (ξ)(2x)(n + aj) +Ok(x(log log x)
1−A)
= X +Ok(x(log log x)
1−A),
and the claimed estimate follows with Fj(d) := 1N (ξ)(2x)(d) for each 1 ≤ j ≤ k (that
Fj(dj) = 1 for all 1 ≤ j ≤ k is trivially satisfied given the hypotheses).
To verify that X ≫a,k x we argue differently. By Lemma 2.2, we find that∑
log x<p≤x
p/∈N
1− 1N (ξ)(2x)(p)
p
≤
∑
1≤j≤k
∑
log x<p≤x
p/∈N
1|λj(p)|<(log log x)−A
p
≪ (log log log x)
2
(log log x)1/2
,
for each 1 ≤ j ≤ k. By Theorem 1.3 of [9] (or, more precisely, the more general Theorem
2.1 of [10]), we have
X =
∑
n≤x
∏
1≤j≤k
1N (n+ aj) = x
(∏
p≤x
Mp(a) +Ok
(
(log log log x)2
(log log x)1/2
))
,
where, writing νp(n) := max{ν ≥ 0 : pν |n} for each prime p and n ∈ N, we have set
Mp(a) := lim
z→∞
z−1
∑
n≤z
∏
1≤j≤k
1N (pνp(n+aj)).
It thus suffices to show that ∏
p≤x
Mp(a)≫a,k 1.
For p ∤ ∆a with p ∈ N we easily find
Mp(a) = 1− k
p
+
∑
1≤j≤k
lim
z→∞
∑
ν≥1
z−1
∑
n≤z
pν ||n+aj
1 = 1− k
p
+ k
(
1− 1
p
)∑
j≥1
1
pj
= 1,
so that as 1Nj(p) > 0 for all j we must have
(6)
∏
p≤x
p∈N
Mp(a)≫a
∏
p≤x
p∈N
p∤∆a
Mp(a)≫ 1.
Furthermore, since a is f -admissible, when p /∈ N we have
Mp(a) = lim
z→∞
z−1
∑
n≤z
p∤
∏
j(n+aj)
1≫ 1
p
.
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Therefore, as
∑
p≤x
p/∈N
1
p
≤
∑
1≤j≤k
∑
p≤x
p/∈Nj
1
p
≪a,k 1
by Lemma 2.2, we deduce that
∏
p≤x
p/∈N
Mp(a)≫ exp

− ∑
1≤j≤k
∑
p≤x
p/∈Nj
1
p

≫k 1.
Together with (6), this implies the bound X ≫a,k x, as required. 
4. Moment Computation and Proof of Proposition 1.15
In light of assumption (A), for y ≥ 2 we define for each n ∈ N
λ˜j,y(n) :=
∏
p|n
p≤y
p∤∆a
λj(p).
Throughout this section, let A > 1 be large and let ξ(x) := (log log x)−A. We also
assume henceforth that a is f -admissible. We write ∆ in place of ∆a for convenience.
The next lemma shows that λ˜j,y(n) well-approximates λj(n) for most choices n ≤ x.
Lemma 4.1. Let 2 ≤ y ≤ x with y ≥ x1/ log log x. For all but oa,f ,A(x) integers n ∈
N (ξ)(x) we have
log |λj(n)| = log |λ˜j,y(n)|+O((log log log x)3) for all 1 ≤ j ≤ k.
Proof. We use an idea from [14, Lemma 9]. If n ∈ N and pν ||n then by assumption
(A), |λj(pν)| ≥ p−Cν for all 1 ≤ j ≤ k, for some constant C = C(f) > 0. We thus have
the upper bound | log |λj(pν)|| ≤ Cν log p for all integers ν ≥ 2. If n ∈ N (ξ)(2x), in
case ν = 1 we have | log |λj(p)|| ≤ log ξ(2x) for any p and all 1 ≤ j ≤ k. Now define
δj(n) := log |λj(n)| − log |λ˜j,y(n)|.
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We observe that
∑
n≤x
n∈N (ξ)(2x)
|δj(n)|2 ≪f
∑
n≤x
n∈N (ξ)(2x)

 ∑
p||n
p>y or p|∆
| log |λj(p)||


2
+
∑
n≤x

∑
pk||n
k≥2
k log p


2
≤ (log ξ(2x))2
∑
p,q≤x
p>y or p|∆
q>y or q|∆
∑
n≤x
[p,q]|n
1 +
∑
pk,ql≤x
k,l≥2
kl(log p)(log q)
∑
n≤x
νp(n)=k
νq(n)=l
1
≪ x(log ξ(2x))2

∑
p|∆
1
p
+
∑
y<p≤x
1
p


2
+ x(log ξ(2x))2

 ∑
y<p≤x
1
p
+
∑
p|∆
1
p


+ x


∑
p≤y
pk≤x
k≥2
k log p
pk


2
+ x
∑
p≤y
pk≤x
k≥2
k2(log p)2
pk
≪a,A x(log log log x)2
(
1 + log
(
log x
log y
))2
.
Since y ≥ x1/ log log x it follows by the union bound that
|{n ≤ x : n ∈ N (ξ)(2x), |δj(n)| > (log log log x)3 for some 1 ≤ j ≤ k}|
≤ (log log log x)−6
∑
1≤j≤k
∑
n≤x
n∈N (ξ)(2x)
|δj(n)|2 ≪a,A x
(log log log x)2
,
and the claim follows. 
With the notation of Proposition 3.1 we next define, for each 1 ≤ j ≤ k, the
quantities
µj(y) :=
∑
p≤y
p∤∆
Fj(p) log |λj(p)|
p
, σj(y) :=

∑
p≤y
p∤∆
Fj(p)(log |λj(p)|)2
p
(
1− Fj(p)
p
)
1/2
;
Note that by Proposition 3.1,
1
x
∑
n≤x
n+aj∈N (ξ)(2x)
∀j
log |λj,y(n + aj)| = 1
x
∑
p≤y
p∤∆
p∈N (ξ)(2x)
log |λj(p)|
∑
n≤x
p|n+aj
1N (ξ)(2x)(n+ aj)
=
∑
p≤y
p∤∆
Fj(p) log |λj(p)|
p
+O

1
x
∑
p≤y
p∈N (ξ)(2x)
| log |λj(p)|||rp(x)|


= µj(y) +OA
(
(log log x)1−A+o(1)
)
,
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owing to the fact that |λj(p)| ≥ (log log x)−A, and y ≤ x. Thus, µj(y) is the mean value
of n 7→ log |λj,y(n+ aj)|, for n ≤ x satisfying n+ aj ∈ N (ξ)(2x).
Given non-negative integers m1, . . . , mk, define
Mf ,m(x) :=
∑
n≤x
n+aj∈N (ξ)(2x)
∀j
∏
1≤j≤k
(log |λj,y(n+ aj)| − µj(y))mj .
Our goal is to prove the following result.
Proposition 4.2. Let x be large, and let y := x1/ log log log x. Let m1, . . . , mk ∈ N ∪ {0},
such that mj ≤ min{log ξ(2x), σj(y)}1/2 for all 1 ≤ j ≤ k. Let M := max1≤j≤kmj, and
assume A > 2kM + 3. Then
Mf ,m(x) = X
∏
1≤i≤k
Γ(mi + 1)σi(y)
mi
Γ(mi/2 + 1)2mi/2
(
12|mj∀j +Ok
(
(log ξ(x))2
∑
1≤j≤k
m3jσj(y)
−2
))
.
Proof. We use the method of Granville and Soundararajan from [6]. For each 1 ≤ j ≤ k
and p ≤ y with p ∤ ∆ and |λj(p)| ≥ ξ(2x), we define
gj,p(n) :=
{
log |λj(p)|
(
1− Fj(p)
p
)
if p|n,
−Fj(p) log |λj(p)|
p
if p ∤ n.
Furthermore, if q :=
∏
pν ||q p
ν then set gj,q(n) :=
∏
pν ||q gj,p(n)
ν . With this notation, we
observe that
Mf ,m(x) =
∑
n≤x
n+aj∈N (ξ)(2x)
∀j
∏
1≤j≤k


∑
p≤y
p∤∆
|λi(p)|≥ξ(2x)
∀i
gj,p(n + aj)


mj
.
For convenience, for each l ∈ N we define
Pl(y) := {r ∈ N : Ω(r) = l, p|r ⇒ p ≤ y, p ∤ ∆ and |λi(p)| ≥ ξ(2x) for all 1 ≤ i ≤ k}.
Part 1: Employing Proposition 3.1
Expanding the product then gives
Mf ,m(x) =
∑
r1∈Pm1 (y)
· · ·
∑
rk∈Pmk (y)
∑
n≤x
n+aj∈N (ξ)(2x)
1≤j≤k
∏
1≤j≤k
gj,rj(n+ aj).
Write r∗ := rad(r), for r ∈ N. Let us note that if q∗ := rad(q) then gj,q(n) = gj,q((n, q∗)).
This observation yields
Mf ,m(x) =
∑
r1∈Pm1 (y)
· · ·
∑
rk∈Pmk (y)
∑
d1|r∗1
g1,r1(d1) · · ·
∑
dk|r∗k
gk,rk(dk)
∑
n≤x
n+aj∈N (ξ)(2x)
(n+aj ,r
∗
j )=dj
∀j
1.
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Note that (ri, rj) = 1 for all i 6= j immediately, given that any p|(ri, rj) would divide
∆, while (rj,∆) = 1 for all j by construction. By Mo¨bius inversion, the inner sum is∑
n≤x
n+aj∈N (ξ)(2x)
dj |(n+aj)
∏
1≤j≤k
∑
ej |r∗j /dj
µ(ej)1ej |(n+aj)/dj =
∑
e1d1|r∗1
µ(e1) · · ·
∑
ekdk|r∗k
µ(ek)
∑
n≤x
n+aj∈N (ξ)(2x)
ejdj |(n+aj)
1,
so that
Mf ,m(x) =
∑
r1∈Pm1 (y)
· · ·
∑
rk∈Pmk (y)
(ri,rj)=1 ∀i 6=j
∑
e1d1|r∗1
µ(e1)g1,r1(d1) · · ·
∑
ekdk |r∗k
µ(ek)gk,rk(dk)
∑
n≤x
n+aj∈N (ξ)(2x)
ejdj |(n+aj)
1.
Since (ri, rj) = 1 for all i 6= j we may apply Proposition 3.1 (noting that y = xo(1)) to
give
Mf ,m(x) =
∑
r1∈Pm1 (y)
· · ·
∑
rk∈Pmk (y)
(ri,rj)=1∀i 6=j
∑
e1d1|r∗1
µ(e1)g1,r1(d1) · · ·
∑
ekdk |r∗k
µ(ek)gk,rk(dk)
· X
d1e1 · · · dkek
(
F1(d1e1) · · ·Fk(dkek) +OA((log log x)1−A)
)
=: M˜+ E˜ ,
where X is as in the statement of Proposition 3.1.
We first treat the main term M˜. We obtain
M˜ = X
∑
r1∈Pm1 (y)
· · ·
∑
rk∈Pmk (y)
(ri,rj)=1
∀i 6=j
∏
1≤j≤k
∑
ejdj |r∗j
µ(ej)Fj(ej)
ej
· gj,rj(dj)Fj(dj)
dj
.
The product over j is∏
1≤j≤k
∑
bjejdj=r∗j
µ(ej)Fj(ej)
ej
∏
p|bjej
pν ||rj
(
−Fj(p) log |λj(p)|
p
)ν
· Fj(dj)
dj
∏
p|dj
pν ||rj
(log |λj(p)|)ν
(
1− Fj(p)
p
)ν
=
∏
1≤j≤k
∏
p|r∗
j
pν ||rj
((
1− Fj(p)
p
)(
−Fj(p) log |λj(p)|
p
)ν
+ (log |λj(p)|)νFj(p)
p
(
1− Fj(p)
p
)ν)
=:
∏
1≤j≤k
Gj(rj).
Note that for each 1 ≤ j ≤ k, any p ≤ y with p ∤ ∆ and λj(p) 6= 0, and α ≥ 1,
Gj(p
α) = (log |λj(p)|)α
(
Fj(p)
p
(
1− Fj(p)
p
)α
+
(
1− Fj(p)
p
)(
−Fj(p)
p
)α)
= (log |λj(p)|)αFj(p)
p
(
1− Fj(p)
p
)((
1− Fj(p)
p
)α−1
−
(
−Fj(p)
p
)α−1)
,(7)
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so that
∏
1≤j≤kGj(rj) = 0 unless rj is square-full for all 1 ≤ j ≤ k, i.e., νp(rj) ≥ 2 for
all p|rj and 1 ≤ j ≤ k. We thus obtain
M˜ = X
∑
r1∈Pm1(y)
r1 square-full
· · ·
∑
rk∈Pmk
(y)
rk square-full
(ri,rj)=1∀i 6=j
∏
1≤j≤k
Gj(rj).
Part 2: A variant of M˜
WritingM to denote the same expression without the constraint (ri, rj) = 1, we obtain
M = X
∏
1≤j≤k
∑
rj∈Pmj (y)
rj square-full
Gj(rj) =
∏
1≤j≤k
∑
1≤lj≤mj/2
∑
q1<···<qlj≤y
qi distinct ,qi∤∆
|λj(qi)|≥ξ(2x)
∀i,j
∑
α1,...,αlj
≥2
α1+···+αlj
=mj
mj !
lj !α1! · · ·αlj !
∏
1≤i≤lj
Gj (q
αi
i )
=:
∏
1≤j≤k
∑
1≤lj≤mj/2
Tj,lj(x; y).
Fix 1 ≤ j ≤ k and 1 ≤ lj < mj/2 for the moment. Note from (7) and the obvious
bound
|(1− u)r − (−u)r| ≤ (1− u)r + ur ≤ 1− u+ u = 1,
for any u ∈ [0, 1] and r ≥ 1, that (after dispensing with the distinctness condition)
Tj,lj(x; y) ≤
mj !
lj !
∑
α1+···+αlj
=mj
αj≥2
∏
1≤i≤lj
1
αj !


∑
qi≤y
qi∤∆
|λj(qi)|≥ξ(2x)∀i,j
| log |λj(qi)||αjFj(qi)
qi
(
1− Fj(qi)
qi
)


≤ mj !
lj!2lj
(log ξ(2x))mj−2ljσj(y)2lj |{(α1, . . . , αlj ) ∈ Nlj : α1 + · · ·+ αlj = mj , α1, . . . , αlj ≥ 2}|
=
mj !
lj !2lj
(
mj − lj − 1
lj − 1
)
(log ξ(2x))mj−2ljσj(y)2lj .
Comparing these bounds for lj and lj+1, we see that when mj ≤ (σj(y)2/ log ξ(2x))1/3
we obtain
max
1≤lj<mj/2
Tj,lj(x; y)≪
m3j(log ξ(2x))
2
σj(y)2
· Γ(mj + 1)
2mj/2Γ(mj/2 + 1)
σj(y)
mj .
Thus, provided that 2|mj for all j, we relegate to the error term all but the arrangements
with lj = mj/2, and αi = 2 for all 1 ≤ i ≤ mj/2, the number of which is precisely
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mj !
2mj/2(mj/2)!
. It follows, therefore, that
M = X
∏
1≤j≤k
12|mj
mj !
2mj/2(mj/2)!
∑
q1<...<qmj/2≤y
qi∤∆
|λj(qi)|≥ξ(2x)∀i,j

 ∏
1≤i≤mj/2
Gj(q
2
i )


+Ok
(
x(log ξ(2x))2
( ∏
1≤j≤k
Γ(mj + 1)
2mj/2Γ(mj/2 + 1)
σj(y)
mj
) ∑
1≤j′≤k
m3j′σj′(y)
−2
)
.
Removing the distinctness condition for qi in the main term of the above estimate when
some mj > 2 incurs (up to relabeling) an error of size
≪k x
∏
1≤j≤k
Γ(mj + 1)
2mj/2Γ(mj/2 + 1)
∣∣∣∣∣∣∣∣∣∣∣
∑
q1,...,qmj/2≤y
qmj/2=qmj/2−1
|λj(qi)|≥ξ(2x)∀i,j
Gj(q
2
mj/2
)2
∏
1≤i≤mj/2−2
Gj(q
2
i )
∣∣∣∣∣∣∣∣∣∣∣
≪ x(log ξ(2x))4
( ∏
1≤j≤k
Γ(mj + 1)
2mj/2Γ(mj/2 + 1)
σj(y)
mj
) ∑
1≤j′≤k
σj′(y)
−4.
We thus conclude that
M = X
∏
1≤j≤k
12|mj
mj !
2mj/2(mj/2)!


∑
qi≤y
qi∤∆
|λj(qi)|≥log ξ(2x)∀i,j
(log |λj(qi)|)2Fj(qi)
qi
(
1− Fj(qi)
qi
)


mj/2
+Ok
(
(log ξ(2x))2
( ∏
1≤j≤k
Γ(mj + 1)
2mj/2Γ(mj/2 + 1)
σj(y)
mj
) ∑
1≤j′≤k
m3j′σj′(y)
−2
)
= X
∏
1≤j≤k
Γ(mj + 1)
2mj/2Γ(mj/2 + 1)
σj(y)
mj
(
12|mj∀j +Ok
(
(log ξ(2x))2
∑
1≤j′≤k
m3j′σj′(y)
−2
))
.
(8)
Part 3: Comparing M with M˜
Note that
|M− M˜| ≪ x
∑
r1∈Pm1(y)
r1 square-full
· · ·
∑
rk∈Pmk
(y)
rk square-full
∃i 6=j:(ri,rj)>1
∏
1≤j≤k
|Gj(rj)|.
Fix 1 ≤ i < j ≤ k, such that (ri, rj) > 1 (assuming such a pair exists). Then there is
some square-full d such that d|ri and d|rj, with Ω(d) ≤ min{mi, mj}, and each of its
prime factors p is ≤ y and satisfies |λj(p)| ≥ ξ(2x) for all 1 ≤ j ≤ k. It follows by the
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union bound and an earlier calculation that
|M− M˜| ≪ x
∑
1≤i<j≤k


∏
1≤j′≤k
j′ 6=i,j
∑
r
j′∈Pmj′
(y)
rj′ square-full
|Gj′(rj′)|


∑
P+(d)≤y
1≤Ω(d)≤min{mi,mj}
d square-full
∑
ri∈Pmi (y)
d|ri
|Gi(ri)|
∑
rj∈Pmj (y)
d|rj
|Gj(rj)|
≪ x
∑
1≤i<j≤k

 ∏
1≤j′≤k
j′ 6=i,j
Γ(mj′ + 1)σj′(y)
mj′
2mj′/2Γ(mj′/2 + 1)

 ∑
2≤r≤min{mi,mj}
∑
1≤s≤r/2
∑
α1+···+αs=r
αi≥2
r!
s!α1! · · ·αs!
·
∑
q1<···<qs≤y
∑
r′
i
∈Pmi−r
(y)
r′
i
∏
t q
αt
t square-full
∣∣∣∣∣Gi
(
r′i
∏
1≤t≤s
qαtt
)∣∣∣∣∣
∑
r′
j
∈Pmj−r
(y)
r′
j
∏
t q
αt
t square-full
∣∣∣∣∣Gj
(
r′j
∏
1≤t≤s
qαtt
)∣∣∣∣∣ .
Fixing q1 < . . . < qs and writing r
′
i = r
′′
i
∏
1≤t≤s q
γt
t , where (r
′′
i ,
∏
t qt) = 1, γt ≥ 0 for
all 1 ≤ t ≤ s and γ1 + · · ·+ γs ≤ mi − r, the sum over r′i can be bounded by∑
γ=γ1+···+γs≤mi−r
γt≥0
∏
1≤t≤s
|Gi(qαt+γtt )|
∑
r′′
i
∈Pi,mi−r−γ
(y)
r′′
i
square-full
|Gi(r′′i )|
≪
∑
γ=γ1+···+γs≤mi−r
γt≥0
∏
1≤t≤s
|Gi(qαt+γtt )|
Γ(mi − r − γ + 1)
2
1
2
(mi−r−γ)Γ((mi − r − γ)/2 + 1)
σmi−r−γi (y).
Given γ, Stirling’s formula implies that
Γ(mi − r − γ + 1)
2(mi−r−γ)/2Γ((mi − r − γ)/2 + 1) ≪
(
e
2mi
)(r+γ)/2 (
1− r + γ
mj
)mi/2 Γ(mi + 1)
2mi/2Γ(mi/2 + 1)
≪ m−(r+γ)/2i
Γ(mi + 1)
2mi/2Γ(mi/2 + 1)
.
Applying this with the sum over r′i and a similar bound for the sum in r
′
j , then inserting
both above, we obtain
|M− M˜| ≪ x
( ∏
1≤j′≤k
Γ(mj′ + 1)σj′(y)
mj′
2mj′/2Γ(mj′/2 + 1)
) ∑
1≤i<j≤k
∑
2≤r≤min{mi,mj}
r!
(σi(y)σj(y))r
∑
1≤s≤r/2
1
s!
·
∑
α1+···+αs=r
αi≥2
1
α1! · · ·αs!
∑
γ≤mi−r
1
m
(r+γ)/2
i σi(y)
γ
∑
δ≤mj−r
1
m
(r+δ)/2
j σj(y)
δ
∑
γ1+···+γs=γ
γt≥0
∑
δ1+···+δs=δ
δt≥0
·
∏
1≤t≤s

 ∑
qt≤y
λi(qt)λj(qt)6=0
|Gi(qαt+γtt )||Gj(qαt+δtt )|

 .
The product over 1 ≤ t ≤ s is
≤
∏
1≤t≤s
∑
qt≤y
|λi(qt)||λj(qt)|6=0
| log |λi(qt)||αt+γt | log |λj(qt)||αt+δt
q2t
≤ Cs(log ξ(2x))2r+γ+δ
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for some constant C > 0. For a ∈ N, set
ps(a) := |{(β1, . . . , βs) ∈ (N ∪ {0})s : β1 + · · ·+ βs = a}| ≪ a
s−1
(s− 1)! .
As s ≤ r/2 and γ < mi we have ps(γ)m−r/2i ≪ 1, and similarly ps(δ)m−r/2j ≪ 1. As
such, for each 1 ≤ s ≤ r/2,
∑
γ≤mi−r
ps(γ)(log ξ(2x))
γ
m
(r+γ)/2
i σi(y)
γ
∑
δ≤mj−r
ps(δ)(log ξ(2x))
δ
m
(r+δ)/2
j σj(y)
δ
≪
∑
γ≤mi−r
(
log ξ(2x)
m
1/2
i σi(y)
)γ ∑
δ≤mj−r
(
log ξ(2x)
m
1/2
j σj(y)
)δ
≪ 1.
We thus find that
|M− M˜| ≪ x
( ∏
1≤j′≤k
Γ(mj′ + 1)σj′(y)
mj′
2mj′/2Γ(mj′/2 + 1)
) ∑
1≤i<j≤k
∑
2≤r≤min{mi,mj}
r!(log ξ(2x))2r
(σi(y)σj(y))r
∑
1≤s≤r/2
Cs
s!
·
∑
α1+···+αs=r
αi≥2
1
α1! · · ·αs!
∑
γ≤mi−r
ps(γ)(log ξ(2x))
γ
m
(r+γ)/2
i σi(y)
γ
∑
δ≤mj−r
ps(δ)(log ξ(2x))
δ
m
(r+δ)/2
j σj(y)
δ
≪ x
( ∏
1≤j′≤k
Γ(mj′ + 1)σj′(y)
mj′
2mj′/2Γ(mj′/2 + 1)
) ∑
1≤i<j≤k
∑
2≤r≤min{mi,mj}
(
(log ξ(2x))2
σi(y)σj(y)
)r
·
∑
1≤s≤r/2
Cs
s!
∑
α1+···+αs=r
αi≥2
r!
α1! · · ·αs!
≤ eCx
( ∏
1≤j′≤k
Γ(mj′ + 1)σj′(y)
mj′
2mj′/2Γ(mj′/2 + 1)
) ∑
1≤i<j≤k
∑
2≤r≤min{mi,mj}
(mimj)
r/2(log ξ(2x))2r
(σi(y)σj(y))r
,
where we used the fact that the terms r!/(α1! · · ·αs!) are multinomial coefficients,
whose sum is ≤ sr ≤ rr, and r ≤ min{mi, mj} ≤ (mimj)1/2. Since ml ≤ σl(y)1/2 for all
1 ≤ l ≤ k we finally obtain, after removing the condition i 6= j,
|M− M˜| ≪ x(log ξ(2x))4
( ∏
1≤j≤k
Γ(mj + 1)
2mj/2Γ(mj/2 + 1)
σj(y)
mj
)
·
(∑
1≤l≤k
mlσl(y)
−2
)2
.
Part 4: Treatment of E˜ and Conclusion
We now estimate E˜ . This can be bounded by
|E˜ | ≪ x
(log log x)A−1
∏
1≤j≤k
∑
rj∈Pj,mj (y)
∑
ejdj |r∗j
|gj,rj(dj)|
ejdj
≪ x(log ξ(2x))
kM
(log log x)A−1
∏
1≤j≤k
σj(y)
2mj ≪ x
(log log x)A−kM−1+oA(1)
∏
1≤j≤k
σj(y)
mj
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given that ξ(x) ≥ (log log x)−A and M ≪A (log log log x)1/2. Thus, as A > 2kM +3 we
obtain
Mf ,m(x) = X
∏
1≤j≤k
Γ(mj + 1)
2mj/2Γ(mj/2 + 1)
σj(y)
mj
(
12|mj∀j +Ok
(
(log ξ(2x))4
∑
1≤j≤k
m3jσj(y)
−2
))
+OA
(
x
(log log x)A/2
)
,
which completes the proof. 
Proof of Proposition 1.15. Let x be large, and let y := x
1
log log log x . Let A > 1 be large
and set ξ(x) := (log log x)−A as above. Put c := 1
2
(1 + π2/6). For each 1 ≤ j ≤ k,
Lemma 11 of [14] yields
µj(y) =
∑
p≤y
p∤∆
|λi(p)|≥ξ(2x)∀i
log |λj(p)|Fj(p)
p
= −1
2
log log x+OA(log log log x)
σj(y)
2 =
∑
p≤y
p∤∆
|λi(p)|≥ξ(2x)∀i
(log |λj(p)|)2Fj(p)
p
(
1− Fj(p)
p
)
= c log log x+OA(log log log x).
For each n ≤ x with n ∈ N and 1 ≤ j ≤ k define
Xj(n) :=
log |λj(n)|+ 12 log logn√
c log logn
,
and for n ∈ N (ξ)(2x) define
Xj,y(n) :=
log |λ˜j,y(n)| − µj(y)
σj(y)
.
Let I1, . . . , Ik be closed non-empty intervals. Let us define
NI,a(x) := |{n ≤ x : n + aj ∈ N , Xj(n+ aj) ∈ Ij , 1 ≤ j ≤ k}|
as well as
N
(ξ)
I,a(x; y) := |{n ≤ x : n + aj ∈ N (ξ)(2x), Xj,y(n + aj) ∈ Ij , 1 ≤ j ≤ k}|.
By Lemma 3.2, we have
NI,a(x) = |{n ≤ x : n + aj ∈ N (ξ)(2x), Xj(n + aj) ∈ Ij∀1 ≤ j ≤ k}|+O
(
x
(log log x)A−1
)
.
(9)
It follows from Lemma 4.1 that for all but o(x) integers
√
x < n ≤ x with n ∈ N (ξ)(2x)
we have
max
1≤j≤k
|Xj(n)−Xj,y(n)| ≪A (log log log x)
3
√
log log x
.
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Thus, in particular, if x is large enough then we can find intervals I−j ⊆ Ij ⊆ I+J , such
that meas(I+j \I−j )≪ (log log log x)
3
√
log log x
and
N
(ξ)
I−,a
(x; y) ≤ |{n ≤ x : n+ aj ∈ N (ξ)(2x), Xj(n+ aj) ∈ Ij∀1 ≤ j ≤ k}|+ o(x)
≤ N (ξ)
I+,a
(x; y) + o(x).(10)
We claim now that for any collection of non-empty closed intervals J1, . . . , Jk we have
(11) lim
x→∞
1
X
N
(ξ)
J ,a(x; y) =
1
(2π)k
∫
B(J)
e−
1
2
x·xdx,
where x · x = ∑1≤j≤k x2j denotes the usual scalar product, and X = X(x) is as in
Proposition 3.1. Assuming this, it will follow from combining (9) and (10) that
1
(2π)k
∫
B(I−)
e−
1
2
x·xdx ≤ 1
X
NI,a(x) + oa,k(1) ≤ 1
(2π)k
∫
B(I+)
e−
1
2
x·xdx+ oa,k(1),
and given that meas(I+j \I−j ) = o(1) and the absolute continuity of the Gaussian dis-
tribution,
1
X
NI,a(x) =
1
(2π)k
∫
B(I)
e−
1
2
x·xdx+ oa,k(1),
as required.
It remains to check (11). Let Z1, . . . , Zk be pairwise independent Gaussian random
variables with mean 0 and variance 1. By the method of moments, it is sufficient to
show that for any non-negative integers m1, . . . , mk,
(12)
1
X
∑
n≤x
n+aj∈N
(ξ)
j
(x)∀j
X1,y(n+ a1)
m1 · · ·Xk,y(n+ ak)mk = E[Zm11 · · ·Zmkk ] + o(1),
as x→∞. By independence, it is well known that
E[Zm11 · · ·Zmkk ] =
∏
1≤j≤k
E[Z
mj
j ] =
∏
1≤j≤k
12|mj
Γ(mj + 1)
2mj/2Γ(mj/2 + 1)
,
Proposition 4.2 implies, on the other hand, that
1
X
∑
n≤x
n+aj∈N
(ξ)
j
(2x)∀j
X1,y(n+ a1)
m1 · · ·Xk,y(n+ ak)mk
=
∏
1≤j≤k
Γ(mj + 1)
2mj/2Γ(mj/2 + 1)
(
12|mi∀i +Ok,A
(
M3
(log log log x)4
log log x
))
,
whereM := max1≤j≤kmj, provided that A > 2kM+3. Since A was arbitrarily large, as
x→∞ we see therefore that (12) holds, and the proof of the proposition is complete.

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5. Proof of Proposition 1.17
5.1. Fourier analytic reductions. As in the proof of Proposition 1.15, we can find
tuples of intervals I(1), I(2) such that
Na(x; ǫ, I) ≥ |{n ≤ x : n+ aj ∈ N (ξ)(2x), σj(n+ aj) = ǫj , Xj,y(n+ aj) ∈ I(1)j , 1 ≤ j ≤ k}|+ o(x)
=: Na,y(x; ǫ, I
(1)) + o(x),
(13)
and similarly Na(x; ǫ, I) ≤ Na,y(x; ǫ, I(2)) + o(x), where y = x1/ log log log x and ξ(x) =
(log log x)−A for some A > 1. Let δ = δ(A, k,a, I) be a parameter to be chosen, and let
I˜ ∈ {I(1), I(2)}. For each 1 ≤ j ≤ k we select a weight function wj ∈ C∞c (R) (depending
on δ) that satisfies:
(i) supp(wj) ⊆ I˜j,δ := {x ∈ R : (x− δ, x+ δ) ∩ I˜j 6= ∅},
(ii) 0 ≤ wj ≤ 1 with wj ≡ 1 on I˜j, and
(iii) for all B > 0,
(14) |wˆj(ξ)| ≪I,B (1 + |ξ|2)−B.
We observe that, as a consequence of Proposition 1.15,
Na,y(x; ǫ, I˜) =
∑
n≤x
∏
1≤j≤k
1N (ξ)(2x)(n + aj)1σj(n+aj)=εjwj(Xj,y(n + aj))
+O

 ∑
1≤j≤k
∑
n≤x

 ∏
1≤j′≤k
j′ 6=j
1N (ξ)(2x)(n + aj′)1I˜j′,δ(Xj,y(n + aj′))

 1N (ξ)(2x)(n+ aj)1I˜j,δ\I˜j (Xj,y(n + aj))


=
∑
n≤x
∏
1≤j≤k
1N (ξ)(2x)(n+ aj)1σj(n+aj)=εjwj(Xj,y(n+ aj)) +Ok(δx)
=: N˜a,y(x; ǫ, I˜) +Ok(δx).
Using the identity
(15) 1σj(n)=εj =
1
2
(1 + εjσj(n))
for each n ∈ N and 1 ≤ j ≤ k, and Fourier inversion, we obtain
N˜a,y(x; ǫ, I˜) =
∑
n≤x
∏
1≤j≤k
1N (ξ)(2x)(n + aj)1σj(n+aj)=εjwj(Xj,y(n + aj))
= 2−k
∑
ν∈{0,1}k
( ∏
1≤i≤k
ενii
)∫
Rk
W (u)
(∑
n≤x
∏
1≤j≤k
1N (ξ)(2x)(n+ aj)σ
νj
j (n+ aj)e(ujXj,y(n+ aj))
)
du,
where we defined
W (u) :=
∏
1≤j≤k
wˆj(uj).
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Let 1 ≤ Z ≤ log log log x be a parameter of our choosing. By the union bound, we find
that ∫
‖u‖∞>Z
W (u)
(∑
n≤x
∏
1≤j≤k
1N (ξ)(2x)(n+ aj)σ
νj
j (n+ aj)e(ujXj,y(n+ aj))
)
du
≪ x
∑
1≤j≤k
∏
j′ 6=j
‖wˆj′‖1 ·
∫
|uj |>Z
|wˆj(uj)|duj ≪k,I,A xZ−A.
For each ν ∈ {0, 1}, u ∈ R and n ∈ N set
gν,uj (n) := 1N (n)σ
ν
j (n)e
(
u
log |λj(n)|√
c log log x
)
.
Clearly, gν,uj (n) is a bounded multiplicative function. Write also
W˜ (u) :=
∏
1≤j≤k
wˆj(uj)e
(
uj√
4c log log x
)
.
Separating the term ν = 0 from the rest, we have
N˜a,y(x; ǫ, I˜) = 2
−k
∫
‖u‖∞≤Z
W (u)
∑
n≤x
∏
1≤j≤k
1N (ξ)(2x)(n+ aj)e(ujXj,y(n+ aj))du
(16)
+ 2−k
∑
ν∈{0,1}k
ν 6=0
( ∏
1≤i≤k
ενii
)∫
‖u‖∞≤Z
W˜ (u)
(∑
n≤x
gν1,u11 (n+ a1) · · · gνk,ukk (n + ak)
)
du
(17)
+Ok,I,A(xZ
−A) =: Σ1 + Σ2 +Ok,I,A(xZ−A),
where we applied Lemma 3.2 (and Z ≤ log logX) to pass from N (ξ)(2x) to N in the
sum over ν 6= 0. In the next two subsections, we treat the terms separately, according
to whether or not ν = 0.
5.2. The terms with ν 6= 0. Our goal here is to prove the following.
Proposition 5.1. Let Y be large. Suppose ν 6= 0, and let ‖u‖∞ ≤ (log logX)1/3.
a) Assume that Conjecture 1.13 holds. Then∑
n≤Y
∏
1≤j≤k
g
νj,uj
j (n+ aj) = oa(Y ).
b) If 1 ≤ k ≤ 2 then, unconditionally,∑
n≤Y
∏
1≤j≤k g
νj,uj
j (n + aj)
n
= oa(log Y ).
c) If k = 3 and at least two of the cusp forms f1, f2, f3 are the same then, again
unconditionally,∑
n≤Y
gν1,u11 (n+ a1)g
ν2,u2
2 (n+ a2)g
ν3,u3
3 (n + a3)
n
= oa(log Y ).
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Given multiplicative functions f, g : N → U and Y ≥ 2, we define the pretentious
distance, in the sense of Granville and Soundararajan, as
D(f, g; Y ) :=
(∑
p≤Y
1− Re(f(p)g(p))
p
)1/2
.
Variants of Conjecture 1.13 concerning logarithmically-averaged correlations, are known
to hold when k = 2, 3. We may state these as follows.
Theorem 5.2 (Tao [27]; Tao-Tera¨va¨inen [28]).
a) Let k = 2 and h ≥ 1. Let g1, g2 : N → U be multiplicative functions, one of which
satisfies (3). Then ∑
n≤X
g1(n)g2(n+ h)
n
= oh(logX).
b) Let k = 3, and let h1, h2 be distinct positive integers. Let g1, g2, g3 : N → U be
multiplicative functions such that for any Dirichlet character χ one has
D(g1g2g3, χ; Y )
2 ≫ log log Y as Y →∞.
Then in this case ∑
n≤x
g1(n)g2(n+ h1)g3(n+ h2)
n
= oh1,h2(log x).
For the purposes of proving Proposition 5.1 we establish the following analogue
of Theorem 2.1, establishing a quantitative Sato-Tate type estimate for primes in a
progression to a relatively small modulus.
Proposition 5.3. Let Y be large, and let D ≥ 1. Let 2 ≤ q ≤ (log log Y )D and let
0 ≤ a ≤ q − 1 be coprime to q. Let J ⊂ [−2, 2] be a non-empty interval. Let f be a
primitive non-CM cusp form of even weight r, squarefree level and trivial nebentypus.
Then ∑
p≤Y
p≡a (mod q)
1J(λf(p)) =
Li(Y )
πφ(q)
(∫
J
√
1− (t/2)2dt+OA
(
Y (log log Y )−1/2+o(1)
))
,
where Li(t) :=
∫ t
2
dv
log v
.
Proof. Write I := {θ ∈ [0, π] : 2 cos θ ∈ J}. We follow the argument in [29]. Using
Beurling-Selberg majorants/minorants for 1I (as in [24]), we may select a parameter
M ≥ 1 and functions F±I,M such that F−I,M(θ) ≤ 1I(θ) ≤ F+I,M(θ), and upon writing
F±I,M in the basis of Chebyshev polynomials of the second kind,
F±I,M(θ) =
∑
m∈Z
Fˆ±I,M(m)Um(cos θ),
we have
i) |Fˆ±I,M(0)− µST (I)| ≪ 1M+1 ,
ii) for |m| > M , Fˆ±I,M(m) 6= 0, and
iii) for 0 < |m| ≤M we have
|Fˆ±I,M(m)| ≪ min{|I|, 1/m}+
1
M + 1
.
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Employing these majorants and minorants and their Chebyshev expansions, we obtain∣∣∣∣∣∣∣
∑
p≤Y
p≡a (mod q)
1J(λ(p))− µST (I)
∑
p≤Y
p≡a (mod q)
1
∣∣∣∣∣∣∣≪
π(Y )
φ(q)M
+
∑
1≤m≤M
1
m
∣∣∣∣∣∣∣
∑
p≤Y
p≡a (mod q)
Um(cos θp)
∣∣∣∣∣∣∣
≤ π(Y )
φ(q)M
+
1
φ(q)
∑
χ (mod q)
∑
1≤m≤M
1
m
∣∣∣∣∣
∑
p≤X
Um(cos θp)χ(p)
∣∣∣∣∣ .
For each 1 ≤ m ≤ M and each non-principal χ (mod q) let π := Symm(f), and
let π′ correspond to the GL1(A) unitary representation induced by χ (writing A to
denote the ade`les over Q). By the work of Newton and Thorne [23], π is a cuspidal
automorphic representation of GLm+1(A), and therefore by the Rankin-Selberg theory
the convolution π×π′ is also cuspidal automorphic for GLm+1(A). Writing the standard
automorphic L-function of π × π′ as
L(s, π × π′) =
∑
n≥1
aπ×π′(n)
ns
for Re(s) > (r − 1)/2 + 1,
we note that aπ×π′(p) = Um(cos θp)χ(p) for all primes p. Classical log-free zero density
estimates and zero-free regions show that Corollary4 4.2(2) and Proposition 4.4(2) of
[29] hold for π′, and Lemma 6.4 there implies that they hold for π as well. Then
Proposition 5.1(2) of [29] shows that
|
∑
p≤Y
p∤q
aπ×π′(p) log p| ≪ Y
βχ
βχ
+m2Y
(
Y −c/M
2
+ exp
(
−c log Y
M log(qC(π))
)
+ exp
(
−c
√
log Y
M
))
,
where βχ is the possible (necessarily real) Siegel zero of L(s, π × π′) with π′ = χ, and
C(π) is the conductor of π = Symmf . Equation (6.5) in [29] shows that log(qC(π)) ≍
log q +m log(rm). By known bounds for Siegel zeros of automorphic L-functions, we
have
βχ ≤ 1− cf
(qM)4M2
= 1− cf exp
(−4M2 log(qM)) ,
for some constant cf > 0 depending only on f . SettingM := C
′(log log Y )1/2(log log log Y )−1,
where C ′ > 0 is a sufficiently large constant and applying partial summation we obtain,
for any B > 0, a bound of the shape∣∣∣∣∣∣∣
∑
p≤Y
p∤q
Um(cos θp)χ(p)
∣∣∣∣∣∣∣≪A,B m
2Y (log Y )−B.
It follows that if q ≤ (log log Y )D we can choose B = B(D) such that∑
p≤Y
p≡a (mod q)
1J(λ(p)) =
1
φ(q)
(
µST (I)Li(Y ) +OD
(
Y
(log Y )(log log Y )1/2−o(1)
))
,
4Obviously, if χ is not quadratic then π′ is not self-dual. However, since π is self-dual we may
instead appeal to an analogous, somewhat weaker zero-free region of L(s, π × π′) due to Brumley [8,
Appendix A]. Applying this bound, rather than Corollary 4.2, in the proof of Lemma 6.4 where it is
used, we obtain the same result as [29].
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and the claim follows. 
In order to apply Elliott’s conjecture we need to establish that at least one of the
functions g
νj,uj
j satisfies (3). In fact, we show the stronger estimate.
Lemma 5.4. Let Y be large. For any ν 6= 0 and u ∈ Rk with ‖u‖∞ ≤ (log log Y )1/3
there is a 1 ≤ j0 ≤ k such that for any A > 1, if Q := (log log Y )A then
min
|t|≤Y
min
χ (mod q)
q≤Q
D(g
νj0 ,uj0
j0
, χnit; Y )2 ≫ log log Y.
Proof. Since ν 6= 0 we may fix an index 1 ≤ j0 ≤ k for which νj0 = 1, and as such
g
νj0 ,uj0
j0
(n) = σj0(n)1N (n)e
(
uj0
log |λj0(n)|
c
√
log logX
)
for all n ∈ N.
For convenience, write gj0 = g
νj0 ,uj0
j0
for the remainder of the proof. Also, let (t0, ψ)
be the pair consisting of |t0| ≤ Y and ψ a Dirichlet character to a modulus ≤ Q that
minimizes the expression on the LHS; we may assume that ψ is primitive and we denote
its conductor by q. We note first of all that whenever |λ(p)| ≥ (log log Y )−1 we have
gj0(p) = σj0(p) +O(|uj0|(log log log Y )(log log Y )−1/2),
so in view of the bound on ‖u‖∞ and Lemma 2.2 we obtain
min
|t|≤Y
min
χ (mod q)
q≤Q
D(gj0, χn
it; Y )2
≥
∑
p≤Y
|λj0
(p)|≥(log log Y )−1
1− Re(σj0(p)ψ(p)p−it0)
p
+O(‖u‖∞(log log log Y )(log log Y )−1/2)
=
∑
p≤Y
1− Re(σj0(p)ψ(p)p−it0)
p
+ o(log log Y ).
(18)
Appendix C of [18] shows that D(σj0, ψn
it0 ; Y )2 ≥ 1
16
log log Y provided that either ψ2
is non-principal or 1 ≤ |t0| ≤ Y , and the claim then follows in either of these cases.
Thus, we may assume that ψ is quadratic and |t0| ≤ 1. It suffices to prove now that∑
p≤Y
σj0(p)ψ(p)
p1+it0
= o(log log Y ),
as Y → ∞. Put Z := exp((log Y )1/ log log log Y ), so that if Y is large enough and A > 1
then q ≤ (log logZ)A+1. By partial summation and |t0| ≤ 1,∣∣∣∣∣
∑
p≤Y
σj0(p)ψ(p)
p1+it0
∣∣∣∣∣ = |1 + it0|
∣∣∣∣∣
∫ Y
Z
(∑
p≤u
σj0(p)ψ(p)
)
du
u2+it0
∣∣∣∣∣+O(log logZ)
≪
∫ Y
Z
∣∣∣∣∣
∑
p≤u
σj0(p)ψ(p)
∣∣∣∣∣ duu2 + o(log log Y ).
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It is therefore enough to show that if u ≥ Z then∣∣∣∣∣
∑
p≤u
σj0(p)ψ(p)
∣∣∣∣∣≪ u(log u)(log log u)1/2−o(1) .
The sum in brackets can be written as
(19)
∑∗
a (mod q)
ψ(a)

 ∑
p≤u
p≡a (mod q)
1λj0 (p)>0 −
∑
p≤u
p≡a (mod q)
1λj0 (p)<0

 .
Applying Proposition 5.3 with J = [−2, 0] and J = [0, 2] (and subtracting the contri-
bution from J = {0} in each), we have∑
p≤u
p≡a (mod q)
1J(λj0(p)) =
(
1
π
+O
(
(log log u)−1/2+o(1)
))(∫
J
√
1− (t/2)2dt
)
· u
φ(q) log u
.
Since the Sato-Tate distribution is symmetric, the bracketed expression in (19) is
1
πφ(q)
u
log u
(∫ 0
−2
√
1− (t/2)2dt−
∫ 2
0
√
1− (t/2)2dt+O(u(log log u)−1/2+o(1))
)
= O
(
u
φ(q)(log u)(log log u)1/2−o(1)
)
,
which proves the desired estimate upon summing over all a (mod q) coprime to q. 
Proof of Proposition 5.1. a) This part follows immediately, assuming Conjecture 1.13,
from the conclusion of Lemma 5.4.
Note that (up to relabeling) it suffices to show the case where νj = 1 for 1 ≤ j ≤ k,
for all 1 ≤ k ≤ 3, in parts b) and c).
When k = 1, Theorem 1.6 of [13] (with T = 1) shows that
∑
n≤x
g1,u11 (n + a1)
n
=
∑
n≤x
g1,u11 (n)
n
+Oa(1)≪a 1+(log x) exp
(
−min
|t|≤1
D(g1, n
it; x)2
)
= o(log x),
by Lemma 5.4 (here we may take Q = 1).
When k = 2, the result follows directly upon combining Theorem 5.2 a) with Lemma
5.4.
When k = 3 we may observe (as we did in the proof of Lemma 5.4) that on primes p
for which |λj(p)| ≥ (log logX)−1 for all j = 1, 2, 3 we have
g1,u11 g
1,u2
2 g
1,u3
3 (p) = σ1(p)σ2(p)σ3(p) +O
(
‖u‖∞ log log logX√
log logX
)
.
In particular, if at least two of the forms, say f1 and f2, are the same, then σ1(p) =
σ2(p) for all p, and thus σ1(p)σ2(p)σ3(p) = σ3(p) for all primes p such that |λ(p)| ≥
(log log x)−1, say. We obtain, in analogy to (18),
D(g1,u11 g
1,u2
2 g
1,u3
3 , χ; Y )
2 ≥
∑
p≤Y
1− Re(σ3(p)χ(p))
p
+ o(log log Y ),
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for any Dirichlet character χ, as Y →∞. It follows from the remainder of the proof of
Lemma 5.4 that D(σ3, χ;X)
2 ≫ log logX , and so by Theorem 5.2 b) we may conclude
that ∑
n≤X
g1,u11 (n+ a1)g
1,u2
2 (n+ a2)g
1,u3
3 (n+ a3)
n
= o(logX),
and the proof is complete. 
5.3. The term ν = 0. To treat the contribution from ν = 0 we seek to estimate the
quantity
φa,y(u) :=
∑
n≤x
∏
1≤j≤k
1N (ξ)(2x)(n + aj)e (ujXj,y(n+ aj)) .
A moment’s reflection allows us to identify this as the unnormalized characteristic
function (in the sense of probability theory) of the distribution function
t 7→ X−1|{n ≤ x : n+ aj ∈ N (ξ)(2x), Xj,y(n+ aj) ≤ tj for all 1 ≤ j ≤ k}|.
We establish the following asymptotic formula for φa,y.
Proposition 5.5. Suppose ‖u‖∞ ≤ Z. Then
φa,y(u) = exp
(
−2π2
∑
1≤j≤k
u2j
)
+Ok
(
Zk−12−Z
2
+
(log log log x)O(1)
log log x
e4π
2kZ2
)
.
Proof. Let N ≥ 1 be a parameter to be chosen. Using the identity
e(t) =
∑
0≤j≤2N−1
(2πit)j
j!
+O
(
(2πt)2N
(2N !)
)
,
valid for any t ∈ R, we obtain
φa,y(u) =
∑
l∈(N∪{0})k
‖l‖∞≤2N−1
( ∏
1≤j≤k
(2πiuj)
lj
lj!
)∑
n≤x
∏
1≤j≤k
1N (ξ)(2x)(n + aj)Xj,y(n+ aj)
lj
+O

 ∑
l∈(N∪{0})k
‖l‖∞=2N
(2π|uj|)lj
lj!
∑
n≤x
∏
1≤j≤k
1N (ξ)(2x)(n + aj)|Xj,y(n + aj)|lj

 =: T1 + T2.
We recognize the inner sum in the main term T1 as M˜f ,l(x) = Mf ,l(x)
∏
1≤j≤k σj(y)
−lj ,
and by Proposition 4.2 we get
T1 = X
∑
l∈(N∪{0})k
‖l‖∞≤2N−1
∏
1≤j≤k
(2πiuj)
lj
lj!
· Γ(lj + 1)
2lj/2Γ(lj/2 + 1)
(
12|lj +Ok
(
l3j (log log log x)
O(1)
log log x
))
= X

 ∑
r∈(N∪{0})k
‖r‖∞≤N−1
(2πiuj)
2rj
2rjrj !
+Ok

(log log log x)O(1)
log log x
∑
l∈(N∪{0})k
‖l‖∞≤2N−1
(2π|uj|)lj l3j
2lj/2Γ(lj/2 + 1)




= X
(
exp
(
−2π2
∑
1≤j≤k
u2j
)
+Ok
(
Z2N
N !
+
N3(log log log x)O(1)
log log x
e4π
2kZ2
))
.
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Next, we treat T2. For l ∈ (N ∪ {0})k, define associated vectors l± = (l±1 , . . . , l±k ) via
l+j :=
{
lj if 2|lj,
lj + 1 if 2 ∤ lj,
l−j :=
{
lj if 2|lj,
lj − 1 if 2 ∤ lj,
for all 1 ≤ j ≤ k. Since 2l = l+ + l−, we obtain, by Cauchy-Schwarz
T2 ≪
∑
l∈(N∪{0})k
‖l‖∞=2N
( ∏
1≤j≤k
(2π|uj|)lj
lj !
)∑
n≤x

 ∏
1≤j≤k
∏
vj∈{l+j ,l−j }
1N (ξ)(2x)(n+ aj)|Xj,y(n+ aj)|vj/2


≪
∑
l∈(N∪{0})k
‖l‖∞=2N
( ∏
1≤j≤k
(2π|uj|)lj
lj !
)
M˜f ,l+(x)
1/2M˜f ,l−(x)
1/2.
Since 2|l±j for all 1 ≤ j ≤ k, Proposition 4.2 once again implies that
T2 ≪ X
∑
l∈(N∪{0})k
‖l‖∞=2N
∏
1≤j≤k
(2π|uj|)lj
lj !
·
(
l+j !l
−
j !
2lj(l+j /2)!(l
−
j /2)!
)1/2
≪ X
∑
l∈(N∪{0})k
‖l‖∞=2N
∏
1≤j≤k
(2π|uj|)lj
2lj/2Γ(lj/2 + 1)
,
using the fact that the Gamma function is log convex in the last line. Bounding this
last expression trivially, we obtain
T2 ≪ X
∑
1≤j≤k
(2π|uj|)2N
2NN !
∑
r∈(N∪{0})k−1
‖r‖∞≤N
∏
1≤j′≤k
j′ 6=j
(2π|uj′|)2rj′
2rj′
(
1
Γ(rj′ + 1)
+
|uj′|
2Γ(rj′ + 3/2)
)
≪ X (2π)
2NZ2N+k
2NN !
∑
1≤j≤k
∏
1≤j′≤k
j′ 6=j
∑
0≤rj′≤N
(2π2|uj′|2)rj′
rj′!
≪k X (2π
2)NZ2N+k
N !
e2π
2(k−1)Z2 .
We conclude that
φa,y(u) = X
(
exp
(
−2π2
∑
1≤j≤k
u2j
)
+Ok
(
(2π2)NZ2N+k
N !
e2π
2(k−1)Z2 +
N3(log log log x)O(1)
log log x
e4π
2kZ2
))
.
We select N =
⌈
4π2ekZ2
⌉≪k (log log log x)O(1). By Stirling’s formula,
φa,y(u) = X
(
exp
(
−2π2
∑
1≤j≤k
u2j
)
+Ok
(
Zk√
N
(
2π2Z2ek
N
)N
+
(log log log x)Ok(1)
log log x
e4π
2kZ2
))
= X
(
exp
(
−2π2
∑
1≤j≤k
u2j
)
+Ok
(
Zk−12−Z
2
+
(log log log x)Ok(1)
log log x
e4π
2kZ2
))
,
and the claim follows. 
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Proof of Proposition 1.17a). Assume Conjecture 1.13. We choose Z := 2(log log log x)1/3.
In light of (16) and (17), it suffices to show the estimates
Σ1 = 2
−k
∫
‖u‖∞≤Z
W (u)
∑
n≤x
∏
1≤j≤k
1N (ξ)(2x)(n + aj)e(ujXj,y(n+ aj))du
= X
(
2−k · (2π)−k/2
∫
B(I)
e−
1
2
(x21+···+x2k)dx+ o(1)
)
+Ok,a(δx)
as well as
Σ2 = 2
−k ∑
ν∈{0,1}k
ν 6=0
( ∏
1≤i≤k
ενii
)∫
‖u‖∞≤Z
W˜ (u)
(∑
n≤x
gν1,u11 (n + a1) · · · gνk,ukk (n + ak)
)
du
= ok,a,A,I(x),
after which point we will have
Na,y(x; ǫ, I˜) = N˜a,y(x; ǫ, I˜)−Ok(δx) = X
(
2−k · (2π)−k/2
∫
B(I)
e−
1
2
(x21+···+x2k)dx− Ok,a(δ)
)
,
given that B(I)\B(I˜) has measure Ok(δ). Using (13) and the line that follows it, we
thus get (with I˜ = I(1), I(2))
X
(
2−k · (2π)−k/2
∫
B(I)
e−
1
2
(x21+···+x2k)dx−Ok,a(δ)
)
≤ Na(x; ǫ, I) + o(x)
≤ X
(
2−k · (2π)−k/2
∫
B(I)
e−
1
2
(x21+···+x2k)dx+Ok,a(δ)
)
,
whenever x is sufficiently large in terms of δ. Since δ is arbitrary small, the claim will
follow.
We begin with Σ2. By the triangle inequality, we of course have
|Σ2| ≤ 2−k‖W˜‖1
∑
ν∈{0,1}k
ν 6=0
max
‖u‖∞≤Z
∣∣∣∣∣
∑
n≤x
gν1,u11 (n + a1) · · · gνk,ukk (n+ ak)
∣∣∣∣∣ .
By (14), we have ‖W˜‖1 =
∏
1≤j≤k ‖wˆj‖1 ≪k,I 1. Now, since the map
u 7→
∑
n≤X
∏
1≤j≤k
g
νj,uj
j (n + aj)
is continuous, its maximum over the compact region [−Z,Z]k is attained at some point
u0(ν) = (u0,1(ν), . . . , u0,k(ν)), say, for each ν 6= 0. By Proposition 5.1 a), we thus have
2−k
∑
ν∈{0,1}k
ν 6=0
max
‖u‖∞≤Z
∣∣∣∣∣
∑
n≤x
∏
1≤j≤k
g
νj,uj
j (n + aj)
∣∣∣∣∣ = 2−k
∑
ν∈{0,1}k
ν 6=0
∣∣∣∣∣
∑
n≤x
∏
1≤j≤k
g
νj,u0,j(ν)
j (n+ aj)
∣∣∣∣∣ = oa(X).
It follows therefore that
Σ2 = ok,a,I(x),
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as claimed.
Next, we estimate Σ1. In light of our choice of Z, Lemma 5.5 yields
Σ1 = 2
−k
∫
‖u‖∞≤Z
W (u)φa,y(u)du =
(
2−k
∫
‖u‖∞≤Z
∏
1≤j≤k
wˆj(uj)e
−2π2u2jdu
)
X + ok,A,a(x)
=
(
2−k
∏
1≤j≤k
(∫
R
wˆj(uj)e
−2π2u2jduj
))
X + ok,A,a(x).
By Plancherel’s theorem, we obtain
Σ1 =
(
2−k(2π)−k/2
∏
1≤j≤k
∫
R
wj(yj)e
−y2j /2dyj
)
X + ok,A,a(x).
Since for each 1 ≤ j ≤ k we have that wj ≥ 0, wj ≡ 1 on Ij and it is supported on Ij,δ,
it follows that
Σ1 =
(
2−k(2π)−k/2
∏
1≤j≤k
∫
Ij
e−y
2
j /2dyj
)
X +Ok,a
(
x
∑
1≤j≤k
∫
Ij,δ\Ij
e−
1
2
y2j dyj
)
+ ok,A,a(x)
=
(
2−k(2π)−k/2
∏
1≤j≤k
∫
Ij
e−y
2
j /2dyj
)
X +Ok,a(δx),
as required. 
Proof of Proposition 1.17 b). The proof of part b) is similar to that of a), so we merely
highlight the main differences.
As with Na(x; ǫ, I), instead of the (logarithmically-averaged) sum over Sa(ǫ, I˜) it suf-
fices to consider
1
log x
∑
n≤x
1
n
∏
1≤j≤k
1N (ξ)(2x)(n + aj)1σj(n+aj)=εj1I˜j(Xj,y(n+ aj)).
We smooth out the indicator function of 1I˜j as above (note that the logarithmically-
averaged variants of the asymptotic formulae from the previous section also hold by
partial summation), so once again it suffices to consider
1
log x
∑
n≤x
1
n
∏
1≤j≤k
1N (ξ)(2x)(n + aj)1σj(n+aj)wj(n+ aj),
with the same choice of smooth functions w1, . . . , wk (and a suitable, small parameter
δ > 0) from the previous subsection.
Continuing the argument of the previous subsection, using Fourier inversion and (15),
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we conclude that it suffices to check that∫
‖u‖∞≤Z
W (u)
(∑
n≤x
1
n
∏
1≤j≤k
1N (ξ)(2x)(n + aj)e(ujXj,y(n+ aj))
)
du
= (2π)−k/2
∫
B(I)
e−
1
2
(x21+···+x2k)dx+Ok,a(δx),
∑
ν∈{0,1}k
ν 6=0
∣∣∣∣∣
∫
‖u‖∞≤Z
W˜ (u)
(∑
n≤x
1
n
∏
1≤j≤k
g
νj ,uj
j (n+ aj)
)
du
∣∣∣∣∣ = ok,A,a,I(log x)
The proof of the first estimate is exactly analogous to the treatment of Σ1 in the de-
duction of part a) (using logarithmically-averaged variants of the moment calculations
from the previous section). To treat Σ2 we use Proposition 5.1 b) and c), depending
on whether k = 2 or k = 3, instead of a). The proof then concludes as above. 
6. Proof of Theorems 1.7, 1.14 and 1.10
Proof of Theorem 1.7. Define
Ta(x) := |{n ≤ x : n + aj ∈ N , |bj(n+ aj)| < |bj+1(n+ aj+1)| for all 1 ≤ j ≤ k − 1}|.
Clearly, we have
|{n ≤ x : |b1(n + a1)| < · · · < |bk(n + ak)|}| ≥ Ta(x),
and we will show that
Ta(x) = (1/k! + o(1))X as x→∞,
so that as X ≫a x (as in Remark 1.8), the claim will follow.
Note that if x is large,
√
x < n ≤ x and |λj(n + aj)| < |λj+1(n + aj+1)|
(
1− 1√
n
)
for
all 1 ≤ j ≤ k − 1 then n is counted by Ta(x): indeed, we then have
|bj(n+ aj)| < |bj+1(n+ aj+1)|
(
1 +
aj − aj+1
n+ aj+1
)(m−1)/2 (
1− 1√
n
)
= |bj+1(n+ aj+1)|
(
1− 1√
n
+Om,a(1/n)
)
< |bj+1(n+ aj+1)|,
for all 1 ≤ j ≤ k.
For each n ∈ N and 1 ≤ j ≤ k set
X˜j(n) :=
log |λj(n)|+ 12 log log x√
c log log x
.
Then by the above and monotonicity, we have
Ta(x) +O(
√
x)
≥ |{√x < n ≤ x : n+ aj ∈ N , |λj(n+ aj)| < |λj+1(n+ aj+1)|
(
1− 1√
n
)
∀ 1 ≤ j ≤ k − 1}|
= |{√x < n ≤ x : n + aj ∈ N , X˜j(n+ aj) < X˜j+1(n+ aj+1) + log(1− 1/
√
n)√
c log log x
∀ 1 ≤ j ≤ k − 1}|.
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Moreover, whenever
√
x < n ≤ x, n+ aj ∈ N for all j and x is large enough we have
max
1≤j≤k
|Xj(n + aj)− X˜j(n+ aj)| ≪ 1√
log log x
.
It follows that if
√
x < n ≤ x, n + aj ∈ N and
Xj(n+ aj) < Xj+1(n+ aj+1)− 1
(log log x)1/3
for all 1 ≤ j ≤ k − 1 then for large enough x,
X˜j(n+ aj) < Xj(n + aj) +O(1/
√
log log x) < Xj+1(n + aj+1)− 1
2(log log x)1/3
< X˜j+1(n+ aj+1)− 1
4(log log x)1/3
< X˜j+1(n+ aj+1) +
log(1− 1/√n)√
log log x
,
for all 1 ≤ j ≤ k − 1. We therefore find that
Ta(x) +O(
√
x)
≥ |{√x < n ≤ x : n+ aj ∈ N , Xj(n + aj) < Xj+1(n + aj+1)− 1
(log log x)1/3
∀ 1 ≤ j ≤ k − 1}|.
(20)
We will bound this quantity from below, but we first make some preliminary remarks.
Put B := {x ∈ Rk : x1 < · · · < xk}. Note that the set
{x ∈ Rk : ∃i 6= j such that xi = xj}
has Lebesgue measure 0, so by symmetry, we easily find that
(2π)−k/2
∫
B
e−
1
2
(x21+···+x2k)dx1 · · ·dxk = 1
k!
.
In what follows we show that the expression in (20) is well-approximated by this inte-
gral.
Given a large integer Z ≥ 1, define
B(Z) := {x ∈ Rk : ‖x‖∞ ≤ Z, x1 < · · · < xk}.
Clearly, by the union bound we have
∫
B\B(Z)
e−
1
2
x·xdx≪
∑
1≤j≤k

 ∏
1≤l≤k
l 6=j
∫
R
e−
1
2
x2l dxl

∫ ∞
Z
e−
1
2
x2jdxj ≪k e−Z2/4,
so it suffices to consider the integral over the bounded set B(Z). Given a second integer
N ≥ 2, for each 0 ≤ l ≤ 2ZN − 1 set
yl := −Z + l/N and Il := [yl, yl+1 − (ZN)−2k].
Given a k-tuple l = (l1, . . . , lk) ∈ {0, . . . , 2ZN − 1}k, define boxes
BN,Z(l) :=
∏
1≤i≤k
Ili,
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and finally define
BN (Z) :=
⋃
m∈{0,...,2ZN−1}k
mj<mj+1
∀1≤j≤k−1
BN,Z(m),
the union here being disjoint. We easily find that BN (Z) ⊆ B(Z), since any x ∈ BN (Z)
must lie in some BN,Z(m), where m ∈ {0, . . . , 2ZN − 1} satisfies mj < mj+1 for all
1 ≤ j ≤ k − 1, and thus
xj ≤ ymj+1 − (NZ)−2k < ymj+1 ≤ xj+1,
for all 1 ≤ j ≤ k − 1.
Conversely, we claim that B(Z)\BN (Z) has small Lebesgue measure. To see this, sup-
pose x ∈ B(Z). Then for each 1 ≤ j ≤ k there is mj ∈ {0, . . . , 2ZN − 1} such that
xj ∈ [ymj , ymj+1] and mj ≤ mj+1 for all 1 ≤ j ≤ k − 1. Thus, if x ∈ B(Z)\BN (Z) then
either:
(i) for at least one 1 ≤ j0 ≤ k−1 we havemj0 = mj0+1, and thus |xj0−xj0+1| < 1/N ,
or else
(ii) for at least one 1 ≤ j0 ≤ k − 1 we have xj0 ∈ [ymj0 , ymj0+1]\Imj0 , i.e., xj0 lies in
an interval of length (ZN)−2k.
We thus see that∫
B(Z)\BN (Z)
e−
1
2
x·xdx
≤
∑
1≤i≤k−1
∫
B(Z)
1|xi−xi+1|<1/N(x)e
− 1
2
x·xdx
+
∑
1≤i≤k−1
∑
m∈{0,...,2ZN−1}k
mj<mj+1
∀1≤j≤k−1
∫
BN,Z (m)
1|xi−ymi+1|<(NZ)−2k(x)e
− 1
2
x·xdx
≪k 1/N + (2ZN)k · (NZ)−2k ≪k 1/N.
Since the boxes {BN,Z(m) : m ∈ {0, . . . , 2NZ − 1}k, mj < mj+1∀1 ≤ j ≤ k − 1} are
mutually disjoint, the above estimates show that
∑
m∈{0,...,2NZ−1}k
mj<mj+1
∀1≤j≤k−1
∫
BN,Z (m)
e−
1
2
x·xdx =
∫
B
e−
1
2
x·xdx+Ok
(
N−1 + e−Z
2/4
)
.
and so
(2π)−k/2
∑
m∈{0,...,2NZ−1}k
mj<mj+1
∀1≤j≤k−1
∫
BN,Z(m)
e−
1
2
x·xdx =
1
k!
+Ok
(
1/N + e−Z
2/4
)
.
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We now suppose that x is sufficiently large relative to Z and N (which, themselves,
are chosen large enough in terms of k). By Proposition 1.15, it follows that∑
m∈{0,...,2NZ−1}k
mj<mj+1
∀1≤j≤k−1
X−1|{n ≤ x : n + aj ∈ N , Xj(n+ aj) ∈ Imj for all 1 ≤ j ≤ k}|(21)
= (2π)−k/2
∑
m∈{0,...,2NZ−1}k
mj<mj+1
∀1≤j≤k−1
∫
BN,Z (m)
e−
1
2
x·xdx+ ok(1)
=
1
k!
+ Ok
(
1/N + e−Z
2/4
)
.
Finally, we relate this to Ta(x). Note that if
√
x < n ≤ x is counted by the sum in
(21) then there is some m ∈ {0, . . . , 2NZ − 1}k with mj < mj+1 such that for all
1 ≤ j ≤ k − 1,
Xj(n + aj) ≤ ymj+1 − (NZ)−2k ≤ ymj+1 − (NZ)−2k
≤ Xj(n+ aj+1)− 1/(NZ)2k < Xj(n+ aj+1)− 1
(log log x)1/3
,
provided that x is sufficiently large in terms of N and Z. We find, therefore, that
X−1Ta(x) ≥
∑
m∈{0,...,2NZ−1}k
mj<mj+1
∀1≤j≤k−1
X−1|{n ≤ x : n + aj ∈ N , Xj(n+ aj) ∈ Imj for all 1 ≤ j ≤ k}|
=
1
k!
+Ok(1/N + e
−Z2/4),
for large enough x, and hence as x→∞ we obtain
X−1Ta(x) ≥ 1
k!
+Ok(1/N + e
−Z2/4).
For each σ ∈ Sk, write aσ = (aσ(1), . . . , aσ(k)). By the above argument, applied to each
aσ (there are only finitely many of these, so we choose x large enough according to
each of these cases), it thus follows that
X−1Taσ(x) ≥
1
k!
+Ok
(
1/N + e−Z
2/4
)
for all σ ∈ Sk.
We now claim that in fact X−1Ta(x) = 1/k! + o(1). Indeed, suppose for the sake of
contradiction that there is an infinite sequence {xl}l such that
X(xl)
−1Taσ(xl) ≥ 1/k! + ε,
for some ε > 0, as l →∞. Then by the above, we obtain, for x large enough,∑
σ∈Sk
Taσ(xl) ≥
X(xl)
k!
+X(xl)ε/2 +X(xl)(k!− 1) ·
(
1/k! +Ok(1/N + e
−Z2/4)
)
= X(xl)(1 + ε/2 +Ok(1/N + e
−Z2/4)).
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On the other hand, we clearly have∑
σ∈Sk
|{n ≤ x : n+aσ(j) ∈ N , Xj(n+aσ(j)) < Xj+1(n+aσ(j+1)) ∀1 ≤ j ≤ k−1}| ≤ X(xl),
This produces a contradiction whenever Z,N are large enough relative to ε, which is
permissible as long as x is chosen sufficiently large in terms of these. We thus conclude
that for any ε > 0 we can find x large enough (after picking N and Z suitably large in
terms of ε) such that
1
k!
− ε ≤ X−1|{n ≤ x : n + aj ∈ N , |b1(n+ a1)| < · · · < |bk(n+ ak)|}| ≤ 1
k!
+ ε,
and the proof is complete. 
Proof of Theorem 1.14. Let us say that a sign pattern ǫ ∈ {0, 1}k is good if there is an
integer 0 ≤ r ≤ k such that
ǫi =
{
−1 if 1 ≤ i ≤ r,
+1 if r + 1 ≤ i ≤ k
(with the obvious convention if r = 0 or r = k). Suppose n satisfies n + aj ∈ N , and
define σj(n+ aj) := sign(bj(n+ aj)) for all 1 ≤ j ≤ k. Observe that
b1(n+ aj) < · · · < bk(n + ak)⇒ (σ1(n + a1), . . . , σk(n+ ak)) is a good sign pattern:
indeed, if not then there is a 1 ≤ j ≤ k − 1 such that σj(n + aj) = +1 and σj+1(n +
aj+1) = −1, but then by assumption we have 0 < |bj(n + aj)| < −|bj+1(n + aj+1)|, an
obvious contradiction. Letting G ⊆ {−1,+1}k denote the set of good sign patterns, we
thus obtain
|{n ≤ x : b1(n+ a1) < · · · < bk(n+ ak)}|
≥ |{n ≤ x : n+ a1, . . . , n+ ak ∈ N , b1(n + aj) < · · · < bk(n + ak)}|
=
∑
ǫ∈G
|{n ≤ x : n+ aj ∈ N , σj(n+ aj) = εj∀1 ≤ j ≤ k
and ǫi|bi(n+ ai)| < ǫj |bj(n+ aj)| for all 1 ≤ i < j ≤ k}|
=:
∑
ǫ∈G
Ta,ǫ(x).
We observe that if n is counted by Ta,ǫ(x) then the inequality bi(n+ai) < bj(n+aj) with
1 ≤ i < j ≤ k is vacuous for ǫ ∈ G whenever εiεj = −1 (as in this case ǫi = −1 = −ǫj
and the inequality −|bi(n + ai)| < |bj(n + aj)| is trivially always valid). On the other
hand, if 1 ≤ i < j ≤ k then we also note that
ǫi = ǫj = +1⇔ |bi(n + ai)| < |bj(n+ aj)|
ǫi = ǫj = −1⇔ |bi(n + ai)| > |bj(n+ aj)|.
What transpires is that if ǫ ∈ G then n is counted by Ta,ǫ(x) if, and only if, (|b1(n +
a1)|, . . . , |bk(n+ ak)|) is contained in the set
Aǫ := {x ∈ Rk : ǫi = ǫj = +1⇒ xi < xj , ǫi = ǫj = −1⇒ xi > xj for all 1 ≤ i < j ≤ k}.
Given ǫ ∈ G, let us denote by p(ǫ) the integer 0 ≤ r ≤ k such that ǫi = −1 for all
1 ≤ i ≤ r (with p((+1, . . . ,+1)) := 0); trivially, for each 0 ≤ r ≤ k there is a unique
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good sign pattern ǫ with p(ǫ) = r. We observe directly that if p(ǫ) = r then we can
decouple the first r variables x1, . . . , xr from the last k − r variables in the Gaussian
integral restricted to Aǫ, giving
(2π)−k/2
∫
Aǫ
e−
1
2
x·xdx = (2π)−r/2
(∫
Rr
e−
1
2
(x21+···+x2r)1x1>···>xrdx1 · · · dxr
)
· (2π)−(k−r)/2
(∫
Rk−r
e−
1
2
(x2r+1+···+x2k)1xr+1<···<xkdxr+1 · · · dxk
)
=
1
r!(k − r)!
via a symmetry argument as in the deduction of Theorem 1.7. Let us therefore note
the identity
2−k
∑
ǫ∈G
(2π)−k/2
∫
Aǫ
e−
1
2
x·xdx =
1
k!
· 2−k
∑
0≤r≤k
(
k
r
)
=
1
k!
,(22)
which we will use shortly.
We use a covering argument as in the deduction of Theorem 1.7; since the ideas are sim-
ilar we merely sketch the argument in this case. Letting N,Z ≥ 1 be large parameters
and ǫ ∈ G, we define
Mǫ := {m ∈ {0, . . . , 2NZ − 1}k : ǫi = ǫj = +1⇒ mi < mj ,
ǫi = ǫj = −1⇒ mi > mj for all 1 ≤ i < j ≤ k},
and set
BN,Z(m) =
∏
1≤j≤k
Imj =
∏
1≤j≤k
[ymj , ymj+1 − (NZ)−2k]
with yl := −Z + l/N , as before. Arguing as in the previous deduction, we end up with
∑
m∈Mǫ
(2π)−k/2
∫
BN,Z (m)
e−
1
2
x·xdx = (2π)−k/2
∫
Aǫ
e−
1
2
x·xdx+Ok(1/N + e−Z
2/4).
We assume Conjecture 1.13. By Theorem 1.14, for each m ∈Mǫ we obtain
X−1|{n ≤ x : n+ aj ∈ N , σj(n+ aj) = ǫj , Xj(n+ aj) ∈ Imj for all 1 ≤ j ≤ k}|
= 2−k(2π)−k/2
∫
BN,Z(m)
e−
1
2
x·xdx+ ok(1),
so taking x large enough relative to N and Z, we obtain∑
ǫ∈G
∑
m∈Mǫ
X−1|{n ≤ x : n + aj, σj(n+ aj) = ǫj , Xj(n + aj) ∈ Imj for all 1 ≤ j ≤ k}|
= 2−k
∑
ǫ∈G
(2π)−k/2
∫
Aǫ
e−
1
2
x·xdx+Ok(1/N + e−Z
2/4) =
1
k!
+Ok(1/N + e
−Z2/4),
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Finally, arguing as in the previous deduction, we may obtain
Ta,ǫ(x) ≥|{
√
x < n ≤ x : n + aj ∈ N , σj(n + aj) = ǫj for all 1 ≤ j ≤ k,
ǫi = ǫj = +1⇒ Xi(n+ ai) < Xj(n + aj)− (log log x)−1/3,
ǫi = ǫj = −1⇒ Xi(n+ aj) > Xj(n + aj) + (log log x)−1/3) for all 1 ≤ i < j ≤ k}|
+O(
√
x)
≥
∑
m∈Mǫ
|{n ≤ x : n+ aj , σj(n+ aj) = ǫj , Xj(n+ aj) ∈ Imj for all 1 ≤ j ≤ k}|+O(
√
x),
for x large enough, so combined with the previous estimates, it follows that∑
ǫ∈G
Ta,ǫ(x) ≥ X
(
1
k!
+Ok(1/N + e
−Z2/4)
)
,
if x is large enough. Finally, by the permutation trick employed at the end of the
deduction of Theorem 1.7, we may infer immediately that as x→∞,∑
ǫ∈G
Ta,ǫ(x) = X
(
1
k!
+ ok(1)
)
,
whence we deduce that
|{n ≤ x : b1(n + a1) < · · · < bk(n+ ak)}|
≥ |{n ≤ x : n + a1, . . . , n+ ak ∈ N , b1(n+ a1) < · · · < bk(n+ ak)}|
= X
(
1
k!
+ ok(1)
)
,
as claimed. 
Proof of Theorem 1.10. It follows from partial summation that for any given set S ⊂ N
one has
d(S) ≥ lim sup
Y→∞
1
log Y
∑
n≤Y
1S(n)
n
.
It thus suffices to establish that the limit on the RHS of this expression is non-zero.
Set now
Sa := {n ∈ N : b1(n+ a1) < · · · < bk(n+ ak)}
Sa,ǫ := {n ∈ N : n + aj ∈ N , σj(n+ aj) = ǫj , ǫi|bi(n+ ai)| < ǫj |bj(n+ aj)|∀1 ≤ i < j ≤ k},
with either k = 2, or k = 3 and at least two of b1, b2, b3 the same. Arguing as in
the deduction of Theorem 1.14 (with logarithmic averages instead of Ce´saro ones, by
partial summation), we obtain from Theorem 1.10 that
1
log Y
∑
n≤Y
1Sa(n)
n
≥
∑
ǫ∈G
1
log Y
∑
n≤Y
n+aj∈N
∀1≤j≤k
1Sa,ǫ(n)
n
=
(
1
k!
+ ok(1)
)
1
log Y
∑
n≤Y
n+aj∈N
∀1≤j≤k
1
n
,
Taking limits, we obtain the desired conclusions since the (normalized) logarithmic
sum here is ≫k,a,I 1 as Y →∞. 
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